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We apply a recently developed nonequilibrium real-time renormalization group (RG) method in frequency
space to describe nonlinear quantum transport through a small fermionic quantum system coupled weakly to
several reservoirs via spin and/or orbital fluctuations. Within a weak-coupling two-loop analysis, we derive
analytic formulas for the nonlinear conductance and the kernel determining the time evolution of the reduced
density matrix. A consistent formalism is presented how the RG flow is cut off by relaxation and dephasing
rates. We apply the general formalism to the nonequilibrium anisotropic Kondo model at finite magnetic field.
We consider the weak-coupling regime, where the maximum of voltage and bare magnetic field is larger than
the Kondo temperature. In this regime, we calculate the nonlinear conductance, the magnetic susceptibility, the
renormalized spin relaxation and dephasing rates, and the renormalized g factor. All quantities are considered
up to the first logarithmic correction beyond leading order at resonance. Up to a redefinition of the Kondo
temperature, we confirm previous results for the conductance and the magnetic susceptibility in the isotropic
case. In addition, we present a consistent calculation of the resonant line shapes, including the determination
whether the spin relaxation or dephasing rate cuts oftf the logarithmic divergence. Furthermore, we calculate
quantities characterizing the exponential decay of the time evolution of the magnetization. In contrast to the
conductance, we find that the derivative of the spin relaxation (dephasing) rate with respect to the magnetic
field is logarithmically enhanced (suppressed) for voltages smaller (larger) than the renormalized magnetic
field, and that the logarithmic divergence is cut off by the opposite rate. The renormalized g factor is predicted
to show a symmetric logarithmic suppression at resonance, which is cut off by the spin relaxation rate. We
propose a three-terminal setup to measure the suppression at resonance. For all quantities, we analyze also the

anisotropic case and find additional nonequilibrium effects at resonance.
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I. INTRODUCTION

One of the basic unsolved problems of dissipative quan-
tum mechanics and quantum transport through mesoscopic
systems is the nonequilibrium Kondo model. In its simplest
version, it consists of a spin—% system coupled via exchange
processes to the spins of two fermionic reservoirs, which are
kept at two different chemical potentials wu;z= * e‘f , see Fig.
1. Besides the importance of the Kondo model for many
aspects of strongly correlated Fermion systems (see Ref. 1
for an overview), it was suggested to realize this model in

PACS number(s): 05.10.Cc, 72.10.Bg, 73.63.Nm

analyzed by various many-body methods (for an overview,
see Ref. 1) and can be solved exactly by Bethe ansatz* or
conformal field theory.> Powerful numerical techniques such
as the numerical renormalization group have been
developed®’ from which all thermodynamic and spectral
properties can be calculated. The basic physics can already
be understood from poor man scaling arguments.® If all ex-
change couplings are the same J;=Jz=J;p=J,, one obtains
the renormalization group (RG) equation

transport experiments through quantum dots.” This has been 4 =2J% I=In 2, (1)
achieved® with the particular advantage of full control over dl A

all parameters such as temperature, vqltage., magnetic field, with the solution

and exchange couplings. The central idea is to lower tem-

perature and bias voltage such that only one single-particle

level of a quantum dot will contribute to transport. Adjusting Ju I

the gate voltage such that charge fluctuations of this level are £ AN N
suppressed (Coulomb blockade regime), the dot can either be MUy, ‘ ‘ S [V
occupied by a spin-up or a spin-down electron, and the spin

can fluctuate via second-order co-tunneling processes, lead- w
ing precisely to the model depicted in Fig. 1. In this realiza- Jix

tion, one obtains an antiferromagnetic exchange coupling of
the order J~ pr?/E, (in dimensionless units), where p is the
density of states in the reservoirs, ¢ denotes the tunneling
amplitude (hopping parameter) between the leads and the
dot, and E, is the energy of the virtual intermediate state
(charging energy). In equilibrium, the Kondo model has been
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FIG. 1. A spin-% quantum system coupled via exchange to two
reservoirs. J;=J;; and Jp=Jp involve exchange between the spins
of the left/right reservoir with the local spin, and J; g=J; transfers
a particle from one reservoir to the other during the exchange
process.
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Here, T is the Kondo temperature and J denotes an effective
exchange coupling corresponding to an effective band width
A of the reservoirs (D~E, is the original band width). For
the antiferromagnetic case J>0, one obtains an enhance-
ment of the exchange coupling by reducing the effective
band width until A reaches Tk, where J diverges. This indi-
cates a logarithmic enhancement of the linear conductance
for temperatures above the Kondo temperature (weak-
coupling regime), and a complete screening of the dot spin
by the reservoir spins below T (strong-coupling regime). In
the latter case, it can be shown that the conductance becomes
unitary, i.e., G=2¢%/h, at zero temperature 7=0 and zero
bias voltage V=0.

In nonequilibrium, the Kondo model is not yet solved
completely. Some numerical techniques have already been
developed to describe either the time evolution of an out-of-
equilibrium initial state by using time-dependent numerical
renormalization group (TD-NRG) (Ref. 9) or to describe the
stationary current in the presence of a bias by using NRG in
a scattering wave basis' or using an iterative real-time path
integral approach.!! Scattering wave Bethe ansatz methods
based on the Lippmann-Schwinger equation are currently un-
der way to solve the single-impurity Anderson model in
nonequilibrium.'> Concerning analytical RG methods, it has
been emphasized that it is important to understand how the
RG equations are cut off by the bias voltage and by relax-
ation and dephasing rates.'3>"!> The problem can be stated as
follows. Performing perturbation theory in the bare exchange
coupling J, (disregarding for the moment the differences be-
tween J;, Jg, and J; ), logarithmic terms occur, which, at
zero temperature and depending on the physical observable
under consideration, have the form [we indicate only the
order in the exchange coupling leaving out numbers of O(1)
and other physical energy scales from V and A in the pref-
actor|

AR J
o — Jo (JEInf ———, 3
2 - 0 0 |nV—mh0 ( )

M 1

with k=[=0, n=0,*1,*=2,... and m=0, = 1. Here, [ is

the current, T, > are the spin relaxation/dephasing rates, g is
the renormalized g factor, and M denotes the magnetization.
D is the band width of the reservoirs and h, is the bare
magnetic field. n denotes the number of particles transferred
between the reservoirs and m=0, = 1 characterizes whether
spin flip processes occur or not. The points nV=mh corre-
spond to resonance positions, where certain higher-order pro-
cesses are allowed by energy conservation, e.g., the value
n=m=1 corresponds to the onset of inelastic cotunneling
processes.'® Higher-order terms with n=2 have so far not
been discussed in the literature for the Kondo model, but are
generically expected!” (for other models in the charge fluc-
tuation regime, corresponding terms have been calculated in
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Ref. 18). For given perturbation order &, the allowed values
for / depend on the value of n. For n=0,1 it is known that
[=0,1,...,k. Even in the weak-coupling regime

AC = maX{V,ho} > TK’ (4)

the logarithmic terms can lead to a breakdown of perturba-
tion theory if JyIn %( is small enough such that J,In A%:%
—Jyln ?—;~0(1). Furthermore, at resonance nV=mh, the
logarithmic terms even diverge. Therefore, it is necessary to
resum the logarithmic terms in an appropriate way using RG
and, at the same time, introduce the physics of relaxation and
dephasing rates to cut off the divergencies at resonance. This
idea has been proposed in Ref. 19. In a first step, within a
standard poor man scaling approach, one resums all leading
order logarithmic terms of the form

D k
Jg(lolnx>, k=0,1,2, ..., (5)

where r=0,1,2 depends on the physical observable under
consideration [see Eq. (3)]. This leads to an effective ex-
change coupling J,, given by Eq. (2) evaluated at A=A,

1 |
A V,ho}
2In ¢ 2 1 max Vo)

K K

Jo= (6)

In a second step, one tries to expand the physical observable
systematically in powers of the effective coupling constant
J.., leading to a series with terms similiar to Eq. (3), but with
the replacements D — A and J,— J,.. If, in addition, one cuts
off the resonances by an appropriate relaxation or dephasing

rate I', a new series of the form

JhE lnl%, (7)
[nV —mh +iT|

is expected, where I is the renormalized magnetic field. As
pointed out in Ref. 19 this perturbation series in J. is well
defined for J.<<1 because the maximum value of the loga-

. L A,
rithm at resonance is given by In 7 ~1InJ_., where we have
used the rough estimate

T~ A, (8)

based on a simple dimensional analysis. Therefore, at reso-
nance, we expect terms of the form

Jr Il g, )

which are not dangerous since J, InJ, <1 if J,<1 (note that
k=1). The leading order result is the term ~J.. (denoted as
one-loop in this paper), whereas the first logarithmic correc-
tion ~J7*! In J, is the first subleading term (denoted as two-
loop in this paper).

The purpose of the present paper is to present a well-
defined two-loop RG approach to work out the above-
described procedure. Thereby we will apply a recently pro-
posed real-time renormalization group method in frequency
space (RTRG-FS).!” This method has the advantage that for-
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mally exact RG equations can be set up in nonequilibrium
which include the relaxation and dephasing rates in all resol-
vents appearing on the right hand side (r.h.s.) of the RG
equations. Furthermore, in leading order, precisely poor man
scaling equation (1) is obtained. This provides the possibility
to proceed in two steps: First one expands the exact RG
equations systematically around the poor man scaling solu-
tion for D> A>A_, and, in the second step, one solves the
RG equations perturbatively in J,. for A.>A>0. As we will
show in this paper, in both steps two-loop terms are impor-
tant to obtain the first logarithmic corrections beyond leading
order. In the first step, two-loop terms arising from higher-
order terms on the r.h.s. of the RG equation generate terms
~JZ+] In ;—; which depend only weakly on the voltage and are
incorporated into a redefinition of the coupling constant J,.
(or, equivalently, the Kondo temperature). These terms lead
to an overall increase (or decrease) in the physical observ-
able under consideration but show no interesting dependence
on voltage or magnetic field. In contrast, in the second step,
logarithmic contributions of form (7) are generated which
give rise to a logarithmic enhancement (suppression) at reso-
nance. This means that the various two-loop terms (leading
all to terms of the same order of magnitude) can be system-
atically divided into important and unimportant terms con-
cerning their dependence on voltage and magnetic field. In
accordance with results of Refs. 15 and 20, we emphasize
that it is very important to include the frequency dependence
of the vertices generated from the first step D> A > A, since
this influences the prefactor of the logarithmic contributions
calculated in the second step A.>A>0.

In one-loop order (but including certain two-loop terms
from the frequency dependence of the vertices), the conduc-
tance and the magnetization have been calculated previously
for the nonequilibrium Kondo model. Pioneering works are
Refs. 15 and 20, where the slave particle approach was used
in combination with the Keldysh formalism and quantum
Boltzmann equations. The RG was formulated only on one
part of the Keldysh contour and a real-frequency cutoff was
used. In these works, it was investigated how the voltage and
the magnetic field cut off the RG flow and it was emphasized
that the frequency dependence of the vertices is important to
obtain the first logarithmic contributions beyond leading or-
der. In fact, the result of the present paper concerning the
conductance and the magnetization is precisely the same as
that of Refs. 15 and 20, up to the redefinition of the Kondo
temperature. This means that we will prove in this paper that
all two-loop contributions neglected in Refs. 15 and 20 do
not influence the prefactor of the first logarithmic correction
beyond leading order. Furthermore, in Refs. 15 and 20, dia-
grams connecting the upper with the lower part of the
Keldysh contour have been neglected. Within these works, it
was therefore not possible to describe the cutoff of the loga-
rithmic terms by relaxation and dephasing rates on a full
microscopic level. In this paper, we will show how this can
be achieved within RTRG-FS, which provides a consistent
formalism to calculate the line shape at resonance and to see

whether the spin relaxation rate 1:1 or the spin dephasing rate

f2 cuts off the logarithmic divergencies (in Ref. 29, the latter
question was adressed only in bare perturbation theory and
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zero magnetic field). In addition, in this paper we will also
discuss the anisotropic case and calculate the spin relaxation/
dephasing rates together with the renormalized g factor up to
the first logarithmic contribution (corresponding to a three-
loop calculation in conventional RG methods). Besides the
known reduction in the magnetic field in first order in J 33 we
find that the renormalized magnetic field in second order in J
is proportional to logarithmic terms similiar to Eq. (7) with a
significant dependence on voltage and magnetic field. We
propose an experimental setup with a weakly coupled third
lead to measure the voltage dependence of the renormalized

g factor. Moreover, we find that the logarithmic terms of fz
and g are controlled by I';, whereas those of I'; are con-
trolled by fz. In the anisotropic case this leads to the effect

. . dr, .
that the logarithmic resonances of T become sharper with

decreasing J* since I, does not contain any terms propor-
tional to J° in second order. Furthermore, we will show that
the susceptibility depends only weakly on the tranverse cou-
pling J* and the logarithmic resonances even survive in the
limit J* — 0. The anisotropic Kondo model has recently been
proposed to be realizable in low-temperature transport
through single molecular magnets>' and experiments are
starting to investigate such systems.?? Since the transverse
coupling is induced by small magnetic quantum tunneling
terms, giving rise to rather small Kondo temperatures, the
susceptibility might be an interesting physical quantity to
measure signatures of the Kondo effect even for very small
values of J*.

Using flow equation methods,”? a consistent two-loop ap-
proach including the cutoff by spin relaxation/dephasing
rates has been presented in Ref. 24 for the isotropic Kondo
model in the absence of a magnetic field. Within this method,

the cutoff from the rate I' occurs due to a competition of
certain one-loop and two-loop terms on the r.h.s. of the RG
equation for the vertex. This is a completely different picture

compared to RTRG-FS, where the cutoff parameter T to-
gether with the voltage occurs already in the one-loop terms
as an additional term in the denominator of the resolvents.
Thus, the RTRG-FS method is closer to conventional poor
man scaling and the physics of relaxation and dephasing
rates occurs naturally as a resummation of a geometric series
similiar to self-energy insertions in Green’s function tech-
niques. In this sense the RTRG-FS method proves that con-
ventional scaling equations (properly generalized to the
Keldysh contour) can account for the cutoff of the RG flow
by rates and the voltage. Furthermore, the RTRG-FS method
provides a generic proof in all orders of perturbation theory

in the renormalized vertices that the various cutoff scales fk
are the physical relaxation and dephasing rates governing the
time evolution of the reduced density matrix of the quantum
system.

The RTRG-FS method used in this paper has been pro-
posed in Ref. 17 and is a natural generalization of an earlier
developed real-time RG method.>>"?” As described in detail
in Ref. 17, many technical improvements have been incorpo-
rated, the main ones being a formulation of the RG in pure
frequency space, integrating out the symmetric part of the
Fermi distribution function before starting the RG, and for-
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mulating the nonequilibrium RG on the imaginary frequency
axis. As a consequence, the rates determining the cutoff of
the RG flow obtain the right scale, and it is possible to show
generically that relaxation and dephasing rates cut off the RG
flow in all orders of perturbation theory and within all trun-
cation schemes. Furthermore, the dependence on the Keldysh
indices can be completely avoided, and one can calculate the
time evolution and the nonequilibrium stationary state in
pure Matsubara space without the need of any analytic con-
tinuation. The latter idea has first been proposed in Ref. 28 in
the context of nonequilibrium functional renormalization
group within the Keldysh formalism. A particular advantage
of the RTRG-FS method is that relaxation and dephasing
rates occur naturally as the negative imaginary part of the
eigenvalue of the kernel determining the kinetic equation of
the reduced density matrix, and do not arise from more in-
volved combinations of self-energies and vertex corrections
as in slave particle formalism.?® Furthermore, it is straight-
forward to calculate the time evolution from RTRG-FS since
the RG gives directly the result for the kernel in Laplace
space.

For generic problems with spin and/or orbital fluctuations,
it was described in Ref. 17 how to solve the RG equations
analytically in the weak coupling regime up to one-loop or-
der. In this paper we will provide the technically much more
involved two-loop case, which is necessary to calculate con-
sistently the important logarithmic terms at resonance dis-
cussed above, see Eq. (7). The result will be applied to the
calculation of the conductance and the magnetic susceptibil-
ity of the anisotropic Kondo model in the presence of a mag-
netic field. Furthermore, we will also analyze quantities char-
acterizing the time evolution of the Kondo model. Thereby,
we will concentrate on the calculation of the dominant expo-
nential decay of the magnetization in two-loop order, which

is determined by the spin relaxation and dephasing rates f],z

and the renormalized magnetic field h. Finally, in addition to
Ref. 17, we will generically show that precisely these physi-
cal quantities control all resonant line shapes (in Ref. 17, the
question whether the cutoff scales of the logarithmic terms
are exactly identical to the physical relaxation/dephasing
rates was still open).

The paper is organized as follows. In Sec. IT A, we will
set up the generic model and the perturbative series. Section
II B is devoted to the general RG formalism and the deriva-
tion of the two-loop RG equations for an arbitrary quantum
dot coupled via spin and/or orbital fluctuations to reservoirs.
The systematic way to analytically solve these RG equations
up to two-loop order is presented in Sec. II C. The general
formalism is applied to the nonequilibrium Kondo model in
Sec. III. In Sec. III A, we will set up the algebra in Liouville
space needed to evaluate all expressions explicitly, and Sec.
IIT B describes the evaluation of the general two-loop equa-
tions for the Kondo model. The final results for the conduc-
tance, the magnetic susceptibility, the spin relaxation and
dephasing rate, and the renormalized g factor are presented
for the isotropic case in Secs. IV A-IV C, whereas the aniso-
tropic case is discussed in Sec. IV D. We close with a sum-
mary in Sec. V. A list of all symbols used in this papers is
presented in Sec. VL.
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We emphasize that a reader, who is not interested in the
formal derivation but only in the final physical results of the
paper, can skip the following formal Secs. II and III, and can
directly move over to Sec. IV, where the notations needed to
understand the results are again repeated.

II. GENERIC CASE

In this section, we describe a generic quantum dot
coupled via spin and/or orbital fluctuations to several reser-
voirs. In Secs. I A and II B, we introduce the basic nota-
tions, the perturbative series, and summarize shortly the
setup of the RG equations as explained in more detail in Ref.
17. In Sec. I C, we present a systematic way how to solve
the RG equations analytically up to two-loop order in the
weak-coupling regime (the one-loop case has been treated in
Ref. 17). Throughout this paper, we use units e=fi=kgz=1.

A. Model and perturbative series

Model. We consider a quantum dot with fixed charge in
the Coulomb blockade regime where only spin and/or orbital
fluctuations are possible via the coupling to external reser-
voirs. As shown in detail in Ref. 27, a standard Schrieffer-
Wolff transformation leads to a Hamiltonian of the form

H=H,,+Hg+V=Hy+V, (10)

where H,,, is the reservoir part, Hg characterizes the isolated
quantum dot, and V describes the coupling between reser-
voirs and quantum dot. They are given explicitly by

Hy= 2 | do(o+p)a,(0a (w), (11)

V=ao...

Hg= 2 E|sXs|. (12)

1
:522 jdedw'gm,’,?,,,r(w,w'):a,y,,(w),anr,,r(w’):.
' v

(13)

Here, a,, are the creation (»=+) and annihilation (77=-)
operators of the reservoirs and v is an index characterizing
all quantum numbers of the reservoir states. In the absence of
further symmetries, v contains the reservoir index « and the
spin quantum number o (for two reservoirs and spin-% par-
ticles, we use the notation a=L,R==* and =1, | ==*).
w is the energy of the reservoir state relative to the chemical
potential u, of reservoir «. The eigenstates and eigenener-
gies of the isolated quantum dot are denoted by |s) and E,.
The interaction V is quadratic in the reservoir field operators,
which arises from second order processes of one electron
hopping off and on the quantum dot coherently (for negative
charging energies, also two electrons can hop off or on the
dot®). This keeps the charge fixed and allows only spin and
orbital fluctuations. The coupling vertex g, ,, (@, ®’) is an
arbitrary operator acting on the dot states. It is written in its
most general form, depending on the quantum numbers and
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energies of the reservoir states in an arbitrary way. However,
as explained in Ref. 17, the RG approach can be set up in its
most convenient form if one assumes that the frequency de-
pendence of the initial vertices is rather weak and varies on
the scale of the band width D of the reservoirs. Therefore, we
will assume this in the following and introduce below [see
Eq. (16)] a convenient cutoff function into the free reservoir
Green’s functions.

To achieve a more compact notation for all indices, we
write 1 = 7yvw and sum (integrate) implicitly over all indices
and frequencies. The interaction is then written in the com-
pact form

1
V=_ I I
2811 aa;

(14)
;. denotes normal ordering of the reservoir field operators,
meaning that no contraction is allowed between reservoir
field operators within the normal ordering. A contraction is
defined with respect to a grand-canonical distribution of the
reservoirs, given by

[ |
ayay = (a1a1)p,.. = o1 falnw).

(15)
folw)=(e”Tat1)'=1-f,(-w) is the Fermi distribution
function corresponding to temperature 7, (note that the
chemical potential does not enter this formula since w is
measured relative to u,). Furthermore, &)/ = &,/ 5, w
—w') is the § function in compact notation, and 1=
-7, v,w. The cutoff by the band width D can be introduced
in many different ways into the reservoir contraction. We use
a Lorentzian cutoff and replace the contraction by

(Ell' — 011/ p(w) fa(nw)
(16)
with

2

p(w) = (17)

D’ + o*'

Within the normal ordering of Eq. (14), the field operators
can be arranged in an arbitrary way (up to a fermionic sign),
therefore the coupling vertex can always be chosen such that
antisymmetry holds,

(18)

Furthermore, due to the hermiticity of V, the vertex has the
property

g11r=—81"1-

g1 =8 (19)

The particle current operator flowing from reservoir y to
the quantum dot is defined by I7=—%N? =—i[H,N?. ], where

dt” 'res™ res.
N? is the particle number in reservoir . Using Egs. (10)

res

and (13), a straightforward calculation leads to
(20)

Iyzii;yl,:alalr:,

with
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(21)

Y _ 9
iy ==2ic{,.811"»

1 !
CT]V == 5(7]5(174' n 5&’7)' (22)
We are interested in the time evolution of the reduced
density matrix pg(f) of the quantum dot and in the average
(I”)(t) of the current operator. Formally, they follow from the
solution of the von Neumann equation

pS(t) = Trrese_iL(t_to)pS(tO)pres’ (23)
<I}?(t) = TrSTrres(_ iLIV)e_iL(t_rO)pS(tO)pres’ (24)
where
i
L:[Hs ']—’ LIVZE[Iys ']+ (25)

are operators in Liouville space acting on usual operators in
Hilbert space via the (anti)commutator [A,B].=AB=* BA.
Initially, we have assumed that the density matrix is a prod-
uct of an arbitrary dot part pg(,) and a grandcanonical dis-
tribution p,,, for the reservoirs. It is convenient to introduce
the Laplace transform

ps(E) = f dre™0 pg(n),
I

i
:Trrex Ps(t()) Pres>

26
oL (26)
((E) = f dre™ (1),
fo
1
:TrSTrresLIV_pS(tO)pres' (27)

E-L

Perturbative expansion. The next step is to expand ex-
pressions (26) and (27) in the interacting part Ly=[V,-]_ of
the Liouvillian and to integrate out the reservoir part. As
outlined in detail in Ref. 17, this leads to a diagrammatic
representation in Liouville space. We shortly summarize this
procedure here. First, Ly, can be written in the form

1 ’ ,
Ly==p'G I,

5 (28)

where JY is a quantum field superoperator in Liouville space
for the reservoirs, defined by (A is an arbitrary reservoir op-
erator)

(29)

» a;A forp=+
JIA =
Aa, forp=-.

p== is the Keldysh index indicating whether the field op-
erator is acting on the upper or the lower part of the Keldysh
contour. G, is a superoperator acting in Liouville space of

the quantum dot and is defined by (A is an arbitrary operator
of the quantum dot)
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FIG. 2. Example of a diagram for the reduced density matrix of
the dot. The time direction is to the left. The dots represent the
interaction vertex G between the local quantum system and the
reservoirs. Each vertex corresponds to two adjacent dots indicating
that two reservoir field operators are associated with each vertex.
The horizontal lines connecting the vertices denote the free time
propagation of the quantum system, leading to the resolvents
m in Laplace space. The lines connecting the dots are the
reservoir contractions arising from the application of Wick’s theo-
rem. The dashed vertical lines between the vertices are auxiliary
lines to determine the energy argument X; of the resolvents.

, g11A  forp=+
G A=8,1 P (30)
_Agll' fOI'p=—.

Inserting form (28) into Egs. (26) and (27), expanding in Ly,
and shifting all reservoir field superoperators J§ to the right,
one can show that each term of perturbation theory can be
written as a product of a dot part and an average over a
sequence of field superoperators of the reservoirs with re-
spect to p,,,. Evaluating the latter with the help of Wick’s
theorem, one can represent each term of the Wick decompo-
sition by a diagram, see, e.g., Fig. 2 describing a certain
process for the time evolution of the reduced density matrix
of the dot. Each process consists of a sequence of interaction

vertices G’l";’ : between the dot and the reservoirs, and a free
time propagation of the dot in between (leading to resolvents
in Laplace space). Since the reservoirs have been integrated
out, the vertices are connected by reservoir contractions (the
solid lines without arrows in Fig. 2). This means that the
various diagrams represent terms for the effective time evo-

1

E L(o)(716723745(;121_[12G34H14G56)

where the resolvents are defined by

H n = £ 35
b El n+(‘_)l. n_L.(S‘O) ( )
with
n
El“.n=E+Elai’ a_)l...nzga_)i’ (36)
i=1 i=1
M= Mifgy 0= 7,0;. (37)

As can be seen from example (34), each diagram consists of
a sequence of irreducible blocks (where a vertical line al-

1 1
L(O) ( ) 77,10789G78H78G9,10>
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lution of the dot in the presence of dissipative reservoirs.
Each diagram for the reduced density matrix has the form

o) — <= (T Y)E—;L(SO)
G;
E+X,-LY
1

1
XGG (0)p5(t0), (31)
LS

G
E+X,-LY E-
where

LY =[Hq, -1, (32)

G=G/"I indicates an interaction vertex, and y=v,"’ is a
contraction between the reservoir field superoperators, de-
fined by

’\/}f{)/ = Jp Jf’ =p Trrus ]1 Jl, Pres

= 511 p(w)p falnp'w) . (33)

To factorize the Wick decomposition, a fermionic sign has to
be assigned to each permutation of reservoir field superop-
erators, indicated by the sign factor (1) in Eq. (31). For
each pair of vertices connected by two reservoir lines, a com-
binatorical factor % occurs, leading to the prefactor é in Eq.
(31). The value of the frequencies X; in the resolvents be-
tween the interaction vertices is determined by the sum over
all variables x=7(w+u,) of those indices belonging to the
reservoir lines which are crossed by a vertical line at the
position of the resolvent (see the dashed lines in Fig. 2).
Thereby, the index of the left vertex has to be taken of the
corresponding reservoir line, e.g., the diagram of Fig. 2 is
given by (the obvious dependence on the Keldysh indices
has been omitted for simplicity, i.e., ;=9 and G;

D )
=GIiM)

Eo Pl (34)

ways cuts at least one reservoir line) and free resolvents
1/(E —L(SO)) in between. Similiar to Dyson equations one can
formally resum this series with the result

ps(E) = ps(to), (38)

E-— fff(E)
with
LHE) =LY +3(E), (39)

where the kernel X (E) contains the sum over all irreducible
diagrams. A similiar procedure can be used to calculate av-
erage (27) of the current operator with the result
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()(E) =TS (E) ps(to).

1
E-LY(E)

== iTrsS (E)ps(E), (40)

where the current kernel 3 ,(E) is defined similiarly to %(E),
but the first vertex G is replaced by the current vertex 17,
defined by

(17)11'—611' 8, PG, (41)

such that, in analogy to Eq. (28),
1 D,
Lpy= Ep'(ﬂ)‘,’,’, JPJ" (42)

Using Eq. (31), a certain diagram for the kernels has to be
translated according to

3(E) 1 G 1
{Em} =50l ’)f"{ﬂ}mxl L)

1
XG...G——qG. 43
E+X,-LY (“3)

where the subindex irr indicates that only irreducible dia-
grams are allowed where any vertical line between the ver-
tices cuts through at least one reservoir contraction.

The stationary solutions for the reduced density matrix
and the current follow from the Laplace transform by pg
=limg_ o+ (—iE)ps(E) and (I")'=limg_g+(—iE){I")(E), and
can be calculated from

L(i0%)p¥ =0, (44)

<Iy>sr ——

In addition to previous formulations'” of the perturbation
series, we note that the diagrammatic series can be partially
resummed by taking all closed subdiagrams between two
fixed vertices together which contain only contractions con-
necting vertices between the two fixed ones. This has the
effect that the resolvents in Eq. (43) are replaced by

iTrg ,(0%)p§. (45)

1 1
- 9
E+X,-LY E+X,-LIE+X)

(46)

i.e., the full effective Liouville operator occurs in the de-
nominator. This means that Egs. (39) and (43) turn into self-
consistent equations for L§/(E) for any approximation. Of
course, the number of diagrams is reduced in this formula-
tion. No diagrams are allowed anymore which contain closed
subdiagrams between two vertices.

When calculating diagrams with replacement (46), one
faces the problem that the frequency integrations cannot be
performed analytically because the energy dependence of the
effective Liouvillian is not known. This would require the
solution of a complicated self-consistent integral equation.
To avoid this, it is useful to formulate an appropriate ap-
proximation for the resolvents which can be improved sys-
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tematically. To define this approximation, we write the resol-
vents in terms of the eigenvectors and eigenvalues of the
Liouvillian L§7(z),

1
=2 5P @D

I(z) = Leff @

where the projectors are defined by

Pi(2) = [x(2))F(2)], (48)

and |x,(z)) and (X;(z)| are the right and left eigenvectors of
L{(2),

LY (@) xi(2)) = N2 xi(2)), (49)

(x(2)|L§

with eigenvalues \,(z). Assuming that |x;(z)) and (¥(z)| have
no poles (or poles with very large negative imaginary part so
that they influence only the short-time behavior), the poles z;
of the resolvent follow from the self-consistent equation

7= N(z;) (51)

around
z=z;, we see that the nonanalytic part of the resolvent is
given by

(50)

) ~ 2 =Pz, (52)

with residua (also called Z factors) given by

1

ld—_)\i(). (53)
Cdz i

a; =

Equation (52) defines our approximation which is the appro-
priate one to describe especially line shapes at resonance
(analytic parts are expected to have no special features at
resonance and will only lead to an overall perturbative shift
of the background). To avoid the summation index i, we will
write the approximation in the more compact form

M) ~ —2—, (54)
z—Lg

where we use the convention that any function of Z and ZS is
interpreted as

Ef

(Z Ls) ——,2 |Piz). (55)

d\;
- —(z)

The eigenvalues z; can be decomposed into real and imagi-
nary parts,

zi=h—il;, T,>0, (56)

and are the poles of the original full resolvent I1(z). Accord-
ing to Eq. (38), this resolvent describes the reduced density
matrix in Laplace space. Therefore, the resolvent must be
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analytic in the upper half of the complex plane since other-
wise solutions would exist in time space which are exponen-
tially increasing and no stationary state can be reached. Thus,

the negative imaginary parts IN’,- must be strictly positive and
describe the various relaxation and dephasing rates of the
different modes described by the eigenvectors |x;(z;)). Corre-

spondingly, the real parts ﬁi describe the oscillation frequen-
cies of the modes, e.g., the effective magnetic field for the
Kondo problem.

The renormalization group treatment described in the next
section can be set up within original perturbation series (43)
or the partially resummed series using replacement (46).
Since we aim at a weak coupling expansion, the partially
resummed series makes only sense if the full Liouvillian is
expanded in the same parameter as the renormalized vertices.
Therefore, we will make use of the resummed series only at
the end of the RG flow where perturbation theory in the
renormalized couplings at a fixed physical cutoff scale can
be used. For other problems like quantum dots in the charge
fluctuation regime or systems in the strong coupling regime,
it might be helpful to use the resummed series from the very
beginning.

Finally, we note some useful symmetry properties for the
vertices and the Liouvillian (see Ref. 17 for the proof),

Gip=- Gy, (57)
IL=-1,, (58)
TrsL§"(z) =0, (59)
TrSC_}IZ =0, (60)
L () =-LL (- ), (61)
3 () =3 (- 2%, (62)
(G =-G3i(-2"), (63)
(1) =-I(=2"), (64)
where
G =2G%. I,=2 0. (65)
p P

and the ¢ transform A° of any dot operator A in Liouville
space is defined by
(AC)SS’,E/ =AA*/ 55

s's,§

(66)

Properties (61) and (62) are important to show in time space
that the reduced density matrix of the dot stays hermitian and
the current stays real. Property (59) leads to conservation of
probability, i.e., the normalization of the reduced density ma-
trix stays constant. From this property it also follows that
L§ff (z) has an eigenvector with zero eigenvalue,
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LI (2)|xo(2)) = 0. (67)

This eigenvector corresponds to the stationary state for z
— 10" and depends on the physical system under consider-
ation. In contrast, the corresponding left eigenvector is
unique and, according to Eq. (59), is given by

<f0(Z)|SS/>= 5ss’° (68)

As a consequence, in combination with property (60), we
obtain zero if the left eigenvector for zero eigenvalue acts
from the left on the vertex averaged over the Keldysh indi-
ces,

<fo(Z)|612 =0. (69)

Therefore, by decomposing the vertex according to

1 - ~ ~
Gl =G +pGi), Gri=2pGyy,  (70)
P
we see that the zero eigenvalue of Lgff(z) can only occur in
the resolvents when the part 511, of the vertex is standing

right to the resolvent. Therefore, to avoid this zero eigen-
value in the RG treatment, we will first use a certain pertur-

bative treatment to eliminate the part é] |+ of the vertex from
the very beginning. This is described in the next section.

B. RG equations

First RG step. The first discrete RG step consists in inte-
grating out the symmetric part %[fa(w) + fa(—w)]zé of the
Fermi function in contraction (33). This part depends only
weakly on the frequency and creates no logarithmic diver-
gencies in perturbation theory. Furthermore, as explained in
detail in Ref. 17, it is the symmetric part of the Fermi func-
tion which allows the zero eigenvalue of the effective Liou-
villian Lgff(E) to occur in the resolvents between the vertices.
This part should be integrated out before starting the continu-
ous RG in order to show that the renormalization of the
vertices is cut off by relaxation and dephasing rates. To get
rid of the symmetric part, one decomposes contraction (33)
according to

Yo =8p' v+ Sl (71)

%= 30l Vf=p(<ﬁ)[fa(c5)—%], (72

with @= nw. Using this decomposition in Eq. (43), one finds
that each diagram, which is irreducible with respect to the
full contraction 7y, decomposes into a series of blocks which
are irreducible with respect to the symmetric part y* (i.e., any
vertical line hits at least one symmetric contraction) and con-
nected to each other by antisymmetric contractions y*. The
blocks which are irreducible with respect to 9* can be for-
mally resummed into an effective Liouvillian L“(E) or into
effective vertices GY(E), which obtain an additional energy
variable to account for the reservoir contractions which cross
over the effective quantities. The lowest-order diagrams for
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ri ri
FIG. 3. The lowest order diagrams for the effective Liouvillian

and the effective vertex when the symmetric part of the contraction
is integrated out. s(a) denotes the symmetric (antisymmetric) con-

traction y*(y).

L* and G“ are shown in Fig. 3. The first two diagrams cor-
respond to the effective Liouvillian (no free lines) and the
third one to the effective vertex (since two lines are free).
Using diagrammatic rules (43) together with Eq. (71) and
convention (36), we obtain for the first two diagrams,

1

71( Vi +p %)G”", —
! ! 1 E11/+(,()11/—

»'p
Lo
and for the third one (including the interchange 1+ 1")

1
pAGE———— G

, 1<17).
2E12+5)12—L(0) 2 - )

We use here original perturbation series (43) so that the un-
perturbed Liouvillian L(SO) occurs in the resolvents. Perform-
ing the frequency integrations and omitting terms of order
O(1/D), we obtain the following perturbative result for the
effective Liouvillian and the effective vertex containing the
symmetric part of the contraction:

Lfgl(E) =LS+2“(E), (73)
. 772 e
2 (E) 6DG117G171 4DG”!G]!1+§G“!(E”/
_ T — ~
~LOGri =i G (B - LG (74)
~a —~ .7T et =~ = =
G11'=G11’_15(G12G5]’_GI’ZGEI)- (75)

Analog equations hold for the effective current kernel E‘f/(E)
and for the effective current vertex /7“. These are obtained
by replacing the first vertex G by the current vertex /7 in Eqgs.
(74) and (75).

After integrating out the symmetric part of the Fermi
function in this way, we obtain a new diagrammatic series
for the kernels analog to Eq. (43), but the Liouvillian and the
vertices have to be replaced by the effective ones and the
contractions between the effective vertices contain only the
antisymmetric part y*. Furthermore, since the effective quan-
tities have become energy dependent (also the effective ver-

tex G becomes energy dependent in higher-order perturba-
tion theory), one has to replace

1 1
G—
E+X;-LY E+X;—- LYE+X))

GYE+X,)

in Eq. (43). Since the antisymmetric part of contraction (71)
does not depend on the Keldysh indices, only the effective

vertex G averaged over the Keldysh indices occurs in the
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MM@:@

21 3 31

FIG. 4. RG diagrams for the renormalization of the Liouvillian
in O(G?) and O(G?) (first two diagrams) and the one-loop renor-
malization of the vertex in O(G?) (last diagram). The slash indicates
the contraction where the Fermi function has to be replaced by

—dAdfa

new perturbative series. As a consequence [see Eq. (69)], the
zero eigenvalue of the effective Liouvillian can no longer
occur in the denominator of the resolvents.

Second RG step. The task of the second continuous RG
procedure is to integrate out the antisymmetric part of the
Fermi distribution function step by step. In each infinitesimal
step, a small energy shell is integrated out and is incorpo-
rated into renormalizations of the vertices and the Liouvil-
lian. However, instead of integrating out the energies on the
real axis, it has turned out to be more efficient to integrate
out the Matsubara poles of the Fermi distribution function on
the imaginary axis,'”? i.e., in each RG step one integrates
out one Matsubara pole starting from high energies. To ob-
tain a continuum version at finite temperatures, one intro-
duces a formal cutoff dependence into the antisymmetric part
of the Fermi distribution by

TZ

(76)

fi(w) = ar (A =]wg)

where w,=(2n+1)7T, are the Matsubara frequencies corre-
sponding to the temperature of reservoir «, and

6(w)  for |w| > nT

0 =11 77
() E+2i for |o| < 7T 77

is a theta function smeared by temperature. For A=, Eq.
(76) yields the full antisymmetric part fa(w)—% of the Fermi
distribution. In each RG step, one reduces the cutoff A by
dA, and integrates out the infinitesimal part fA— fA"dA

—dA— of the Fermi distribution. The new effective Liouvil-
lian and the new effective vertices at scale A—dA,

MANE) = LNE) - ALY (E), (78)

G INE) = G (E) - dG (E). (79)

can be calculated technically in the same way as for the first
discrete RG step. The only difference is that an infinitesimal
small part is integrated out so that the RG diagrams contain

A

only one contraction involving the part dA%. Furthermore,
since the diagrams should be irreducible with respect to this
part, this contraction must connect the first with the last ver-
tex of the diagram.

Up to O(G?) (which we call two-loop here*), the RG
diagrams for the Liouvillian and the vertices are shown in
Figs. 4 and 5. Using the definition
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¥
23

w| ¢

N e—
lj
o

11 12 1’3 32 23 31 r

FIG. 5. RG diagrams for the renormalization of the vertex in
0(G?) (two-loop).
7 = p(@)fa(@
1 =p(@)f(), (80)
together with the convention LSEL?, G = 611\1' and

1
Hl...n= — ’ (81)

E]...n+ E)l...n_LS(El...n+ wl.,.n)

we obtain the following RG equations:
dL(E)  dy) - _ B
dSA =—d—/\lyZAGlz(E)leGgl‘(E,2+w12)
ﬁy‘%é 11,,G5 7)1 5G57 o
BPTRERE 1(ENL,Go5(E 1 + @) I13G51(E 3 + @43)
(82)

for the Liouvillian, and

dG,/(E) dvy — — _
TN T d_AzGlz(E)leGil'(Elz"‘ wp) - (11"

- iZ_Aygy?GB(E)HBé] 1/(Exz + 0p3)11 '23(_;55

X(E 193+ @11193) + {%%\élz(E)leélﬁ

X(Eyp+ @1)111193G53(Ey o3+ @113) = (1 1/)}

- {%7’?623(15)1_[23651 (Exs + @) 115G r3(Epy + @)

—(1<—>1')} (83)

for the vertex. Similiar RG equations hold for the current
kernel 2 (E) and the current vertex I]|,(E) by replacing the
first vertex in all terms on the r.h.s. of the RG equation by the
current vertex. The initial conditions of the RG equations are
given by Egs. (73)—(75) from the first discrete RG step.
Since y1A=0=0, the final solution at A=0 provides the result
for the effective Liouvillian and the current kernel

LINE) = Ls(E)| o, (84)

3 E) = Z(E)| a0, (85)

from which the reduced density matrix and the current can
be calculated in Laplace space via Egs. (38) and (40).

We note that one can stop at each step of the RG and use
perturbative series (43) with the contractions ylA at scale A
together with the replacement

PHYSICAL REVIEW B 80, 045117 (2009)

1 1
G —
E+X;— LY E+X;- L}E+X)

GME+X)

for the resolvents and the vertices, where L3 (E) and G*(E)
are the renormalized quantities at scale A [in higher order in
the coupling, also vertices G} ,(E) with more than two in-
dices can be generated]. If the exact RG equations in all
orders are used, this perturbative series gives the full kernels
at each scale A. Therefore, it is possible at each step of the
RG to resum all closed subdiagrams between two vertices,
leading to the replacement

1 1
A - ’
E+X,—-L§(E+X,) E+X,—LIE+X)

(86)

where Lgff (E) is the full effective Liouvillian at the end of
the RG flow at scale A=0. Using the perturbative series in a
certain approximation, one can set up a self-consistent equa-
tion for L{(E) at each step of the RG. However, this is only
possible if the perturbation theory in the renormalized cou-
pling is well defined. We will see that this is only possible at
a certain scale A, where some physical cutoff scale is
reached, see Sec. II C. Up to this scale, we will always use
the renormalized Liouvillian L?(E) in the denominator of the
resolvents.

RG in Matsubara space. Using the fact that the resolvents
and the vertices on the r.h.s. of the RG equations are analytic
functions in all frequencies ; in the upper half of the com-
plex plane, all frequency integrations can be calculated ana-
lytically by closing the contour in the upper half of the com-
plex plane. The only poles occurring there are the poles of
the contractions and their derivatives, given by

1
A= p@TE ——— b, (A-lef]). (87

n n

a
dA

1 1 1
71A=—P(<5)ZT< E—

+ . 88
w—zATa w+iATQ> (88)

ATa denotes the Matsubara frequency w; which lies closest
to the cutoff A. After performing the integration we find that,

due to the presence of the cutoff function p(@):#;z, the
r.h.s. of the RG equations gives a negligible contribution for
A>D. Therefore, we can start the RG at Ay~ D and omit
the cutoff function p(®) (finally, the precise ratio between A,
and D is determined such that no linear terms in D are gen-
erated, see below). As a consequence, only the Matsubara
poles of the Fermi function in the upper half of the complex
plane will contribute to the frequency integrations and all
real frequencies are replaced by Matsubara frequencies.
From now on, we write the frequency dependence explicitly
and define the analytic continuation of the Liouvillian and
the vertices in imaginary frequency space by

Ly(E,0) = Ly(E + iw), (89)
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G (E,w,0,w,) = (_;12(E+ iw)|c?)i—>iwi’ (90)

USR]

where w= ), w;= )’ correspond to Matsubara frequencies.
With the definition

1

NEw)=— .
(E,w) E+io-LyE,o)

1)

the RG equations in Matsubara space can be written as

dLs(E, (,())

= 612(E9w9AT 7w2)H(E]2,AT + w+ (,()2)
dA @ @

XGEI(EI%AT + w+ Wy, — Wy, — AT )
Bl ¥
- iélzn(Elz,AT + w+ (l)z)(_;£3
a
XH(E]3,AT + w+ w3)é§1’, (92)
a9
d(_;ll'(E7w7 (1)1,(1){)

dA
XH(EIZ’AT + w+ (1)1)
*

= i{GIZ(E’ w’wl’ATaz)

XC_}EI,(EIZ,AT% + 0+ w),— ATaz,w{) (1 1)}

+ 523H(E23,AT% +w+w3)Gyyr

XIU(E 123, Ar, + @+ o+ o) + w3)G33

- {(_;121_[(1[‘:12,/\52 +w+ )G

XIU(E a3, A, + 0+ 0 + 0] + w3)G3;— (1 = 1)}

+ {623H(E23’Ara2 + o+ w;)G3,

XH(EIZ,ATa2+w+ 0))G5— (1 1)} (93)

In these equations, the index 1= nv includes no longer the
frequency variable, and we implicitly sum over all indices
and Matsubara frequencies on the r.h.s. of the RG equations
which do not occur on the left-hand side (.h.s.). Only posi-
tive Matsubara frequencies smaller than the cutoff A are al-
lowed and each sum has to be written as

27T, 2 O, (A = ) (), (94)

which reduces to an integral [ de for zero temperature. The
frequency arguments of the vertices in the terms of O(G?) in
Egs. (92) and (93) have been omitted since they are not
needed for the weak coupling analysis up to two-loop order,
see below.

The RG equations in Matsubara space are the final result
of this section and are the starting point for the analytical
solution in the weak coupling regime presented in the next
section. Similiar RG equations hold for the current kernel
and the current vertex in Matsubara space by replacing the
first vertex in all terms on the r.h.s. by the current vertex.
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Using Egs. (84), (85), and (89), the effective Liouvillian and
the current kernel follow from

LY(E) = Ly(E,0=0)|s—, (95)

S (E)= 3 (E,0=0)|,0. (96)

Finally, we note that all symmetry properties stated in
Eqgs. (57)—(64) are preserved under the RG flow (see Ref. 17
for the proof),

(_;lz(E,w,whwz)2—621(&0’,@2,0’1)’ (97)
71’2(E,w,w1,wz)=—7§1(E,w,wz,w1), (98)
TryLg(E,w) =0, (99)

TrsG15(E, 0,01,0,) =0, (100)
Ly(E,0) =~ Ly(- E,0), (101)

2 (E,0)=-2(-E,w), (102)
Go(E,0,01,0) =~ G3i(- E,0,0p,0),  (103)
IH(E,0,0,0) ==L~ E,0,0y,0),  (104)

where all energy variables are real.

Similiar to the discussion at the end of Sec. II A, proper-
ties (99) and (100) have the consequence that we obtain zero
if the left eigenvector (¥)(E,w)| of the effective Liouvillian
L?(E, w) for zero eigenvalue acts from the left on the vertex

(%(E,0)|G1,=0, (105)

compare with Eq. (69). Therefore, it is not allowed that the
zero eigenvalue of L?(E ,w) occurs in the resolvents on the
r.h.s. of the RG equations, proving that the RG is always cut
off by relaxation and dephasing rates (this property holds in
all orders of perturbation theory and within all truncation
schemes). As we will see in the next section, this property is
essential to prove that a systematic weak coupling analysis
can be carried out in the generic case.

C. Two-loop analysis

In this section, we solve two-loop RG equations (92) and
(93) analytically in the weak coupling regime up to two-loop
order. Weak coupling is defined by the condition that the

renormalized vertices G1,(E, ®, w;, w,) stay small compared
to one throughout the RG flow so that a systematic expan-
sion is possible on the r.h.s. of the RG equations. This con-
dition is fulfilled if the various cutoff scales occurring in the
resolvents II(E,w) are larger than the energy scale Tk at
which the vertices would diverge in the absence of any cutoff
scales (the so-called Kondo temperature for the Kondo
model). From the form of the RG equations, we see that the
resolvents at scale A have the form
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_ (106)
2-L3(2)’
with
72=E, ,tiwo+i(A; +wo+ "+ w,), (107)
@)

and positive Matsubara frequencies 0<w;<A for %k
=2,...,n. Here, E+iw is the original Laplace variable at
which we want to calculate the final effective Liouvillian
L§’7(E +iw), and the index 1 corresponds to the contraction
connecting the first with the last vertex of the RG diagram
(where the Matsubara frequency is replaced by the cutoff
ATa)'

Expanding resolvent (106) around its poles analog to the
discussion at the end of Sec. Il A, we arrive at approximation
(54) which contains the most important terms leading to
logarithmic enhancements

ZA
~A =

A
> A ENENEY
i 2T

A(z) =

., (108)
Z_LS

with

1 1

A_ ~ ~ b
=% Ay +E ,—hr+i(0+ o+ o+ @)+l
Bl
(109)

where zf\=ﬁf\—if f\, r f\>0, denote the positions of the non-
zero poles of the resolvent (we assume single poles here, but
the following discussion holds also for other cases; note that
the zero pole of the stationary solution can not occur in the
resolvent as discussed at the end of the last section). Since all
Matsubara frequencies and the relaxation/dephasing rates are
positive, we see that the resolvents can not become large.
Using 0<w, <A for k=2,...,n, and setting w=0, we find
that the resolvent is cut off at the scale
E l..n— ]’,;f\

A ~ max{T,, T,

(110)

where the maximum is taken over all values of the occurring
indices. Here, temperature is a trivial cutoff parameter be-
cause, for A<27T,, sum (94) over the Matsubara frequen-
cies for reservoir a reduces to one term n=0 and the cutoff
ATQ=7TTa becomes independent of A. Therefore, tempera-
ture is a unique cutoff for all terms on the r.h.s. of the RG
equations, like in equilibrium problems. This trivial cutoff is
set to zero in the following, i.e., T,=0, and we discuss only
the nontrivial dependence on the other cutoff scales. The

minimal cutoff scale occurs for £ 1,.,,1—;7?:0 and is given by

the relaxation or dephasing rates ff\ These points define the
positions of resonances where renormalization-group-
induced logarithmic enhancements or suppressions have to
be expected. However, as we will show in the following,
these logarithmic terms can be calculated systematically by
perturbation theory in the renormalized couplings, provided
that the weak coupling condition
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A, = max{|E|,| ). [} > T (111)

is fulfilled, where by convention IZ,EEZJ-\:O denotes the final
(physical) renormalized oscillation frequency at scale A=0
(we will see that the difference between /. and 7.*=" is pro-
portional to the final renormalized coupling, i.e., only a small
perturbative correction). A, is an important energy scale
separating two energy regions where the RG equations are
solved in a different way. It is given by the maximum of the
Laplace variable E, the chemical potentials of the reseroirs

(giving some voltage V), and the oscillation frequencies El» of
the different physical modes (e.g., the renormalized magnetic
field in the Kondo problem). This is roughly the maximum

value the various cutoff scales |E]mn—ﬁf\|=|E+Ek7;k,uak

—Ef\| of the resolvents can take, see Eq. (110). Thus, for A
> A>Ty, the cutoff scales do not play an important role
and we get J, <1, where J, is the order of magnitude of the
vertex at scale A. Since A is the relevant energy scale in this
regime, the order of magnitude of the relaxation/dephasing

rates is given by I ~AJi <A (note that the RG for the
Liouvillian starts in second order in J). Therefore, the relax-
ation and dephasing rates are small perturbative corrections
in the denominators of the resolvents and do not lead to any
cutoff of the RG in the regime A > A,. Since all vertices are
small, we can systematically truncate the hierarchy of RG
equations and expand the solution systematically around the
poor man scaling solution (i.e., the lowest-order solution for
the vertex in the absence of any cutoff scales A.=T,=0).
This gives a certain initial condition for the RG at A=A,
presented as a power series in J.=J_ Ay

In the second regime 0 <A <A, the RG for l:iA is very
weak and will be roughly cut off by A.. The reason is that
there are many terms on the r.h.s. of the RG equation involv-

ing different cutoff scales |E1_._,,—f7f\, but usually one of
them will be given by A, already in second order in J. In this
case (see a comment below for the other cases), we get r fx
~AL.J3 for all 0<A <A, because ff\ becomes smaller for
decreasing A. This means that even at resonance, the mini-
mal cutoff scale is given by I' ~ ACJf. Therefore, by expand-
ing the solution for the vertices systematically in J., we get
in the worst case at resonance a series of the schematic form

J J<1 J.1 A ) (112)
~J |1+, + e
A e <AL

For A —0, the logarithmic term becomes maximally of the
order ~J,.InJ,<<1, which is a perturbative correction in the
weak coupling case J,<< 1. Therefore, under condition (111),
we stay in the weak-coupling regime and the RG equations
can be solved perturbatively in J,. in the whole regime 0
<A <A,. We note that this fact relies essentially on the con-
dition that all resolvents on the r.h.s. of the RG equations

contain some relaxation/dephasing rate ff\. As explained at
the end of the last section, our RG approach gives this prop-
erty in the generic case in all orders of J by construction.
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In case that the RG equation for T'* contains a smaller

cutoff scale A/ <A, in second order in J, we expect '}
~AL(J0)? for A<A[, with J{=J . In this case, the loga-

rithmic term in Eq. (112) leads to contributions ~J, ln — for

A —0, giving rise to additional enhancements and sharper
features at resonance. However, even for Aé—>0, there is no
divergence since the cutoff scale A. will certainly occur in
some higher-order term on the r.h.s. of the RG equation for

'}, Thus, the minimal cutoff scale will be of order ~A J*
with k>2. This gives a maximal value ~kJ.InJ,. for the
logarithm which is again a perturbative correction just en-
hanced by a factor of k. This shows that the height of loga-
rithmic enhancements at resonance are expected to be in-
creasable only by factors of O(1), but the sharpness of

features at resonance (which are controlled by fi) can be-
come orders of magnitude smaller.

As a consequence, we have seen that for 0<<A <A, we
can perform a perturbation theory in J,., which is the order of
the vertex at scale A.. This means that we can equivalently
stop the RG at A=A, and use perturbative series (43) with
the contraction ylAff at scale A, together with the replacement

1 |
00— A
E+X,— L E+X,—LME+X)

GM(E+X))

for the resolvents and the vertices. In contrast to the pertur-
bative series at scales A > A_, this perturbative series at scale
A, is well defined and can be used alternatively to the RG
approach. Furthermore, as explained in Sec. II A, the pertur-
bation series can be partially resummed, leading to the re-
placement

1 1
A - eff ’
E+Xi—LSU(E+Xi) E+Xi_LS (E+Xl)

(113)

i.e., the final full effective Liouvillian can be written in the
denominator. This series has the advantage that the oscilla-

tion frequencies #4;, defining the resonance positions

E\ n=E+2 e, = i, (114)
k

and the relaxation/dephasing rates l:i, cutting off the logarith-
mic enhancements at resonance, are the final physical ones at
scale A=0. This is expected on physical grounds and leaves
no question open what the precise prefactor of these energy
scales is. Using replacement (113), one can either write down
directly the perturbative series or one can use the RG equa-
tions [again using replacement (113) to define the resolvents]
and solve them perturbatively in J.. Both approaches give
the same because the RG equations are formally exact.

Having shown that a weak coupling analysis is well de-
fined for all cutoff scales under condition (111), we proceed
to show analytically the perturbative solution of the RG
equations in all details for the two regimes A>A, and 0
<A <A, in the generic case.
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1. RG above A,

Lowest order. For A> A_, we define the reference solu-
tion for the vertex by considering only the first term on the
r.h.s. of RG equation (93) with H(Elz,A+w+wl)—>ilA, ie.,
by setting all frequencies to zero and omitting the cutoff
scales from E, i,, and Lg(E). This defines the leading-order
RG equations

)
dG,|, 1 )
m :X{G(I)GZI,—(1<—>1’)}, (115)
/(1)
dlll, 7(1) ’

L GY -1 1) (116)

dA A

The initial condition for these RG equations is the bare ver-
tex. The order of magnitude of the leading-order solution is

denoted by the dimensionless parameter J~ G\5. The con-
nection to conventional poor man scaling is established by
recognizing that the leading-order vertices have the same
form in Liouville space as the original vertices, given by
Egs. (70), (30), and (41), i.e., one can prove that'’

Gy =[gn. 1. (117)
5(112):[812’ ':|+’ (]18)
1é1)=¢’12012’ (119)
with
dow 1, (1 1)}, (120)
r - <
A A 812821

Thereby, form (119) of the current vertex can only be proven
if one takes the Trg over the local quantum system, i.e., it

holds only for the combination Trsly( ) Implicitly, for all
following equations, we will always consider this combina-
tion for the current vertex because this is finally needed for
the calculation of the average of the current. Equation (120)
is the usual poor man scaling equation which can also be
derived on a pure Hamiltonian level by, e.g., leaving the ¢
matrix invariant.!

Next we set up the lowest order RG equation for the Li-
ouvillian Lg(E, w) by considering the first term on the r.h.s.
of Eq. (92) and replacing the vertices by the leading order
ones. Furthermore, we replace Lg(E, ) by LY in the resol-
vent. This gives

dLy(E, )
Sd—A GUWKCA(E, +iw— L<O)G21, (121)
with
2A —i
ICA(z):ln( ,lz). (122)
A-iz

To extract the lowest-order term Lgl)~J from this equation
we treat the terms ~z/A of K,(z) separately by the decom-
position
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K K — 123
(@) =Kale) + 3 A (123)
so that A(z) is integrated by the function
d
’CA(Z) AFA(Z) (124)
2A - (2A - iz)A )
F Al In—5
Fa2)= n( A-iz ) ( 2(A —iz)? )
(125)

with the following asymptotic behavior:
2
I;A(z)HA{ln2+0(i) } for A>|z].  (126)

Using Eq. (121), the second term on the r.h.s. of Eq. (123)
leads to the following RG equation for the Liouvillian in
leading order:

dLY(E.0) 1

T 2A WE,+io- L(O))G

Y o)

with the initial condition

LY (E.)|y-p, = 0- (128)

When integrated, we obtain a contribution L(Sl)(E ,w)~J, ie.,
one power less than expected due to the factor k [compare
with RG equation (115), where the same happens]. In con-
trast, the contributions from K,(z) are of second and third
order in J, as will be discussed below. We write

LW(E,w) =LY - (E+iw)Z" (129)
with LY =L{(E=0, w=0), and
dLy’ R
~ LG, 130
dA 2A (,U«12 ) 21 (130)
dz\) 1
= —GWal. 131
dA ~ 2A (130)
We note that 75 Z ; can be interpreted as the Z factor in Liou-

ville space at scale A, and it can be shown that L(1 and z(V
are hermitian operators. Similiar equations can be set up for
the current kernel E(yl)(E ,w) in leading order by replacing the
first vertex on the r.h.s. of Egs. (130) and (131) by the cur-
rent vertex.

When integrating RG equations (130) and (131) up to A,
we obtain a linear contribution in the renormalized coupling
J. at scale A.. Since the perturbative treatment in J, for the
regime 0<<A <A, can only give corrections ~J3 to the Li-
ouvillian, we know that the final effective Liouvillian up to
O(J,) is given by

LINE,0) =LY + LY~ (E+i0)ZV + 02,

with Lgl)c= L§1)|A=AC and Z<1)C= Z(1)|A=AC
Second order. With the vertex and the Liouvillian in lead-
ing order, we can now expand the full RG equations system-

(132)
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atically around these reference solutions and calculate the
higher orders. The Liouvillian and the vertex are written as
an expansion in J,

Ls(E.0) = LY + LV(E,0) + LP(E,0) + -+, (133)
Glz(E W, 0, w,) = G(l) (2)(E ®,w,0,) +
(134)

where LI, G ~ J* (possibly with additional factors ~In* J
with k<n, see below).
To get an RG L(S2)(E ,w) and
522)(E ,w,m],0,), we insert expansions (133) and (134) into
the r.h.s. of full RG equations (92) and (93). For the RG of
the Liouvillian (vertex), the resolvents are expanded such
that we collect all terms in O[(3)/2] {O[ ("]}, with k
>1, and O(AJ3) [O(AJ3)] on the r.h.s. of the RG equation,
where A is some cutoff scale arising from E 2 LS(E) or the
frequencies. To achieve this, we leave out Ly (E w) in the
resolvents [leading to terms of O(J*) on the rh s. of the RG
equation], and use Eq. (129). This gives for the resolvent

1

equation for

iI(E, w) = s
(E.0) w—iE+ilQ +iLl) + (- iE)Z"
1 1 1
: : 5 (135)
1 ~ 1
1+% w—iE+it® il |, 2
with the hermitian operator
- 1 1
() _ (1)
Ly'=—mlks —m-
1+— 1+—
2 2
1
~Ly - E(Z“)L(SO) +L{'7zY). (136)

Vertex in second order. We start with RG equation (93)
for the vertex (or equivalently the current vertex by replacing
the first vertex by the current vertex in all equations). For the
resolvent in the first term on the r.h.s. of this RG equation,
we expand Eq. (135) in the following way:

1-zY
A

iH(Elz,A+ w+ (,()1) =~

1 1
+ -/
<A+w+w, —iE +iLY A)

1-20  d  A+o+o -
= +—1In

A dA A

iE,+iLY

(137)

Together with the two vertices, this approximation contains
systematically all terms of O(1J%), O(1.J), and O[i(%)kﬂ],
with k> 1, which are important to calculate the vertex up to
O(J?). The last three terms on the r.h.s. of Eq. (93) are al-
ready ~J°, therefore we replace the resolvents by their

lowest-order term NK’
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1

II(Exs, A + 0+ ~—
iI1(Ey; w+ 03) A+ o

1

iH(E11723,A+(.0+ (1)14'(.0{4'(.03)z N
A+(1)3

dé(lzl),(E, 0, 0),0]) {
= 12

dA A dA

(2)

1 —
+X{G o1

A 1
- d
fo w3<A+w

) GGG +

The first term [Eq. (138)] on the r.h.s. containing the loga-
rithm induces the frequency dependence of the vertex. If we
neglect in this term the derivative of G'") with respect to A
(giving rise to terms of 0[%(%)"]3], with k> 1, contributing
to G®)), we can decompose the vertex in the following way
to solve the above RG equation in O(J?):

(2b)

G(lzl,(E 0,0],0]) = G(2a,)+G”, (E,0,0,0)), (141)

with
A+ o+ —iEp+ilY )
Gu/ (E.0,0p,0) =G} In A 21
_1y . A+o+o]—iEp,+il{)
_Glrz ln A 51 .
(142)

Using this solution in the second term [Eq. (139)] on the
r.h.s., and neglecting again terms of 0[%(%)"]3], we can use
the approximations

(2b)

)
G5, ~1n2G\},GY

(Elz,A+w+(1)1, Aw]) 33>

GNE,w,0,,A) = —1n2GY) G—

in Eq. (139), which lead to two terms cancelling precisely

the second term of Eq. (140). Thus, we obtain the following
RG equation for the frequency-independent part G 2‘1) of the

vertex in O(J?):

PHYSICAL REVIEW B 80, 045117 (2009)

iH(Elz,A+ W+ (1)1) = —

Note that ws is an integration variable and has to be kept in
the resolvent. As a result, we get the following RG equation
for the vertex in second order in J:

_ 7 d
G- 2,

A+ o+w—iEpn+il") -
S )G(;l,-(1<_>1')} (138)
(Ejp A + 0+ wp,— A, a)l)+G12 (E, w, wl’A)Gzl' —(1<1"} (139)
Ih ~(1) =) ~(1) =(1) ,
1 dw;A+ (GG G5, - GGG 5~ (1 1)} (140)
0
[
~(2a)
dG;’ 1
20) | =(2a) 5 ,
—n = ORG + GGy — (1 1)
1 , | 1
{G“%”G;f, — (1o 1)} = S GHG. G,
(143)

where the initial condition is given by the second term of
inital condition (75) for the vertex. It can be shown!” that the
form of the initial condition is preserved [with the vertices
given by leading-order solutions (117) and (118)] if one con-
siders only the first term on the r.h.s. of Eq. (143). Therefore,
we decompose the frequency-independent part of the vertex
in second order as

~(2a) (2a) ~(2a,)
Gy =iG "+ G,

(144)

with

G(2a1 —

11’

(G(l) ~(1) _

=(1) =(1)
21, Gszil)’ (145)

and Glzﬁz) fulfils same RG equation (143) as G(lzl‘f), but with
zero initial condition. Since no explicit imaginary factors oc-
cur in Eq. (143), decomposition (144) can also be viewed as
a decomposition of the vertex into real and complex parts
(provided there are no complex terms in the initial condition
for the original quantities). Therefore, the two parts have a

completely different physical meaning. Whereas the part

(_}(lzl‘i‘) is even important to calculate the rates in second order

in J (see below), the part G(ﬁ“?) denotes a renormalization of
the coupling constants in two-loop order, which can lead to
logarithmic corrections of the form ~J%1n ]io, where J, de-
notes the original coupling constant (see Sec. III B 1, where
such terms are explicitly calculated for the Kondo model).
Such terms are not well defined in the scaling limit J,— 0
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and, therefore, should be taken together with the leading-
order vertex by redefining certain characteristic low-energy
scales (like the Kondo temperature for the Kondo model).
Thus, in the following we will redefine the leading-order
vertex by the replacement

G\, — G\ +G3, (146)

and will consider only the part G(] ]“,1)

tions. We note that it can not generically be shown that re-
placement (146) can be accounted for by just renormalizing
the Kondo temperature in the lowest-order vertices. For the
Kondo model, this can be shown in all orders’! because only
one coupling constant remains in the scaling limit J,—0,
D — o, such that T stays constant. However, for more com-
plicated models including orbital degrees of freedoms, inter-
ference effects, etc., it can happen that the matrix structure of

C_}(lszz in Liouville space is different from that of Glll), In this
case, new terms can finally arise from the second-order part
of the vertices, and their influence might be quite nontrivial.

We note that all equations also hold for the current vertex

explicitly in all equa-

1" by replacing the first vertex in all terms on the r.h.s. of
the RG equations by the current vertex. Thereby Eq. (145) is
only valid if the trace Trg over the local quantum system is
taken from the left (which we always implicitly assume for
the current vertex and the current kernel).

Liouvillian in second order. We proceed with RG equa-
tion (92) for the Liouvillian (or equivalently the current ker-
nel by replacing the first vertex by the current vertex in all
equations). Inserting expansion (134) into this RG equation,
using Eqgs. (141), (144), and (146), and neglecting all terms
of O(J% on the r.h.s., we obtain

dLy(E,

dLs(E,w) GUI(E ;A + w+ wz)G—— (147)
dA
+ lG H(EIZ,A +w+ a)z)G(zal
+iGEV(E | A + 0+ 0) G (148)

+G12H(E12,A+w+w2)G (Elz,A+w+ Wy,— Wy, — A)

+ GP(E, 0, A, 0)T(Ep A + 0+ 0) G (149)
=(1) =(1) ~(1)
- lG12 H(Elz,A +w+ (1)2)G53H(E13,A +w+ (1)3)G§]_ .
(150)

For terms (147), (148), and (150) we need the resolvent in-
tegrated over frequency, which, by using Egs. (135), (136),
(122), and (123), can be expanded as

A
lf dwzl—.[(Elz,A + w+ w2)
0

7 _ 7
~ (l - 7>KA(E12+ iw—L(SO) —L(Sl))<l - )
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i 7 . _ 7
S Ly R (R

+KA(Epp+io—-LO - L),

i ) i .
~ ﬁ(E12 +io-LY) - Z((E12 +iw)ZV + LY - 7L

~ L7V K\ (Epy+io—LY). (151)

The first term is of order 0( ), the second one of Order
O(AJ) and the last one contains terms of O(1) and O[( ),
with k> 1. Therefore, when multiplied with J" and inte-
grated, the first term gives a contribution of order O(AJ"Y),
the second one leads to O(AJ"), and the last one gives
O(AoJ") or O(AJ"). Thereby, the terms ~AJ" are cancelled
by the initial condition from the first RG step (see below).
Therefore, for the calculation of ﬁL(SZ)(E ,w), terms (147)
and (148) give rise to

dLP(E,
% —l—{G FA(E12+zw L(O))G }

(152)

(2a1)

+j{G1 (Epy+io—LOGE 4 GEV(E, +iw - LY)GY)

(153)

G N(E + i) 2+ L)~ 200~ L0700 G

T 2A
(154)

As is shown in the Appendix, the other two terms, Egs. (149)
and (150), have nearly no effect when expanded systemati-

cally, one just has to replace the function F,(z) in Eq. (152)
by the function

FA(z) FA(z) ln 2. (155)

According to the three terms Egs. (152)—(154), we decom-
pose

LP(E,0) = LYV (E,0) + L§" + LY — (E + i0)(Z® + 229),

(156)
with
LYY E, 0) == iG\F\(Ep + iw— L°>)G21, (157)
dLg” i ;
dA Z{G12(M12 L(O))G(z‘l)+G(2al (,U«12 L(O))G }
(158)
dZ(Zb) i (2a) an) =(1
= {G VGG, (159)
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(2¢)
aLs L e,z 10— 700 _ [0 ZnGW
dA 2A 12 S S S 21°
(160)
dz¢9 1 - _
s _ L cymah
m =5, 612"y (161)

Note that, according to Eq. (126), the initial value of
Lfgz“)(E ,w) is given by

m

ngu) (Ea w)|A=A0 =-—i ln(z)AO 6(112)621 |A=AO’ (162)

which coincides with the first term of inital condition (74)
from the first RG step if we choose

772
Ro=14 In(2)

D. (163)

One can group the various terms occurring in Egs.
(156)—(161) regarding the occurence of the complex factor i.
RG equations (160) and (161) do not contain an explicit
factor i and integrating them up to A. one generates a
second-order contribution which is negligible compared to
first-order terms (130) and (131) (up to this value of the
cutoff parameter, no logarithmic contributions are generated,
i.e., the terms just have one factor more in J). In contrast, the
second-order terms containing the factor i are not negligible
because they do not occur in first order. They are generated
by Eq. (157) [with F}(z) replaced by its real value] and by
Egs. (158) and (159). This is a general rule that the terms
containing the factor i are always generated one order higher
in J compared to those without this factor.

2. RG below A,

The two-loop RG until A, has resummed all leading and
subleading logarithmic contributions in In AB into the renor-
malized vertices. This means that we have considered all
terms of the form

D
J{;lnlA—, I=k-1,k-2, (164)

c

for the Liouvillian and the vertices, where J, denotes the
original coupling constant. The terms with /=k—1 and [=k
—2 are defined in our terminology as one-loop and two-loop
terms, respectively, irrespective of the topology of the dia-
grams, which is not a unique definition and depends on the
formalism used. Roughly speaking, at A=A _, the band width
D has been replaced by an effective band width A, and the
bare coupling constant is replaced by a renormalized one J.
(including one-loop and two-loop renormalizations). This
eliminates all the logarithmic contributions of Eq. (164), and
a simple power series in J, remains, which is well defined for
J.<<1, as described in detail at the beginning of Sec. II C.
As a consequence, we solve the RG equations perturba-
tively in J, in the regime 0<<A <A.. Furthermore, we re-
place the Liouvillian in the resolvents by the full effective
Liouvillian Lgf-f (E,w), and we use approximation (54),
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z
(E,w)~ ——,

= (165)
E+iw-Lg

together with convention (55). The corrections to this ap-
proximation are at least of order O(J,) and contain no poles
in the variable E+iw (at least if we assume that the projec-
tors on the eigenvectors do not contain poles or do not con-
tribute). Therefore, when inserted in the RG equations, these
corrections lead to terms of order O(JS) without any logarith-
mic enhancement, which we neglect in the following. The
eigenvalues of ZS are given by E,-—if,- with f,->0. These
eigenvalues are finally calculated self-consistently from Eq.
(51). In contrast, the Z factor is expanded as

Z=1+ZV+ 00, (166)
where Z() ~J.<<1. This first-order correction to the Z factor
can in principle be calculated from the effective Liouvillian
up to first order in J,, given by result (132). If the eigenval-
ues of L(SO) are separated well compared to the first-order
corrections to the effective Liouvillian, we get

Z0=-Z7P, (167)

where ZE,])C is the diagonal part of Z('¢ with respect to the
eigenbasis of L(SO). However, we will see later that Z() does
not enter our final result so its precise value is of no rel-
evance.

In the RG equations, the variable E is replaced by E; ,
and w is the imaginary part of the Laplace variable plus the
integration variables (the cutoff A and some Masubara fre-
quencies). Thus, in the end the low-energy cutoff will be
given by an expression of the form

A, ,=E, ,+io-Lg, (168)

where from now on w is the imaginary part of the original
Laplace variable. Resonance positions are defined by E,

=h,, see Eq. (114). At these points, logarithmic terms of the
form

A,
Jon! =<,

l=k-1,k=2,...,0
|A

(169)

are generated with A=E,| 'n—ﬁi+ ifl-. At resonance, the loga-

rithmic terms are of order J’C‘ In’ J, since f,- ~ ACJE, leading to
enhanced, but still perturbative corrections.

Our first aim is to collect all terms of form (169) with k
=<3 and [=k-1,k-2, i.e., all terms of the form

A,
0(1),0(J.),0(J%),0| J*1 < )
(1),0(,),0(J,) (Cn|A+iI‘|

A, A
o2 In — ),0<J3 In? —) 170
(C aea) OV A (170)
Only terms of O(Jz) without a logarithmic factor are ne-
glected [note that approximation (165) for the resolvent is
already neglecting such terms]. Therefore, it is not necessary

to calculate the Liouvillian in third order in J for A>A,
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since no logarithmic contributions are generated up to A..
Furthermore, for A<<A_, we see that the lowest-order term
on the r.h.s of RG equation (92) for the Liouvillian is already
of O(Jf). Therefore, we need the vertices only up to O(Ji),
and it is not necessary to calculate the vertices up to third
order for A>A,.

Vertices. We start with the perturbative expansion for the
vertices. Up to order O(Jf), we get from RG equation (93)
together with Egs. (165), (166), and (168)

d(_;n,(E,w,a)l,wi) _ 1 —(1)
=G ————GV (1= 1)
dA 12 A+w1—iA12 21 ( - )

(171)

Integrating this equation from A=A, to A, we obtain in

o?)
(I 1’)},

where Gﬁ)f (E,»,w,w)) is the value of the vertex in second

order at A=A_. Inserting this value from Egs. (141), (142),
and (144), we find up to O(Jf)

11,(E 0, 0,,0]) = G”,(E 0, 0,0])

- A +ow iA (e
_ G(l)c In c 1~ lZG_ -
{ 12 A + | — lA12 21

11,(E o, 0], 0]) —lG(lzla,')c
_ A+ w —IA 1
+{G(112)Cln—/l\ Gl (1<_>1’)},
c

(172)

where we have used that A,=E,+iw— L(O)+0( J.). Note

that the part G(H,z) is always taken together with G(

Eq. (146), therefore it does not occur in Eq. (172).
Liouvillian. We proceed with the perturbative expansion

for the Liouvillian given by RG equation (92). In the second

term on the r.h.s. of this RG equation, we can replace the

|17 SEE

vertex by the lowest order term G'V¢ and the resolvent by
I(E, w)— , _~ , according to Eq. (165). In the first term

we have to consider the first-order correction

on the rh S.,

7 of the Z factor as well, and we have to use the second-
order term for the vertex given by Eq. (172), which gives

2A —iA3 (1)
GY(E, 0, A, 0,) =iG2 + G In 13 5(1)

A, 3
A+ w,—iA L
-GYIn —“’; 260 (173)
G——(EIZ,A + W+ wy,— wy,— A) = lG(zal

+ G0 2A - lAmG(_l_ _ G(l)c1 A+ @y —iBg3 (1)

23 A, A, 32
(174)

For the frequency integral over the resolvent, we use
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fAd 1 o (A) =i 2A—iA
o ik viop AT AT A

(175)

Using these replacements in Eq. (92) and collecting the
various terms according to their order in J,., we obtain up to
o)

Ly(E,0) = LY + LV(E,0) + LY (E, )
+ LENE, 0) + LV (E, o), (176)
with
dLY (E,w) he
= T =GR G (177)
dL(3a)(E’ (1)) 1)c
Sd—Az_ PRVAY ICA(AIZ)"'ICA(AIZ)ZI)}G()
LICA(Alz)G(Zal)C (Zal)c,CA(Alz)G(zll_)c’
(178)
dLSV(E, ) 0 (e 2A—iB13 =)
S = iGN (A )Gy In G
dA l AAp) A, 3]
= 2A —iA ¢ ¢
—iG\1n Al & 1) ICA(A13)G(1)
2A .
_ 1 —(Me . Wy—IA
- =(1)e (e 2 13
—-iGi, J;\ dwz{ —iA12G23 In A
wy=iAp e 1 —(1)e
+1n AC GES l'AB}Ggl_
+iGIY KA (A1) G ”‘/cA<A13)G§?“. (179)
Using
f“d 1 (1 x+b)+<1 x+a> 1
n— n e
A * x+a A, A, Jx+b
2A+a  2A+b A+a A+b
=1In A In A —1In A In A (180)

c c c c

for the third term on the r.h.s. of Eq. (179), we obtain after
some manipulations

dLP(E, w) _
dA

2A—iA —(e . 2A—iA
(1)C 12 =(1)e 13

c C

A—iDyp e, A—iAi3 |~
—lnA—C % lnT G§1_ .
(181)

Equations (177) and (178) can be integrated easily from A
=A. to A=0 by using
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A +1)
—2iA ’

(182)

d ~ iA
Ka(d) = d—AFA(A), FA(8)=Fj(A) + ?<ln

where Ij"i\(A) is defined by Egs. (155) and (125). Using
FAzo(A)=—% In2, we get

0 .
_ Al A,
f dAiCA(A)=—F’A(A)—l—(1n < +1). (183)
Ac ¢ 2 —lA

The value of the Liouvillian at A=A, in second order has to
be taken from Egs. (156)—(159). When integrating Eq. (177),
the part from the first term on the r.h.s. of Eq. (183) cancels
term (157) for ng")”(E ,w) if we neglect the difference be-

tween L(SO) and Lg [leading to terms of order 0(J%)]. Thus, for
A =0, we obtain the contributions

LY(E,0)p= LY ~ (E +iw)ZV°, (184)
LP(E, @)y = LTV + LY ~ (E + iw) (2?0 4 729¢)

—(1)c
+ 1>G21 ,

|

1_ A
- =G{)A (1 ¢
H 12 A1 n A

— 1A

(185)

C

1. ~ A
L(s3a)(E, ®)A0=— ZG(llz)c{Z(])Au(ln A
12

ot

1 = A,
—ZEGIZ AplIn|—

c

A
Al
+ 12( n A,
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1y AN 20
_iEG(fz"l)‘An(ln‘A—' )G(le). (186)
12

Thereby, we have only included the logarithmic terms in
L(S3“>, i.e., terms ~J3 without a logarithmic factor are ne-
glected.

Finally, integrating Eq. (181), we obtain

1
. ~ (e A —(1)c
A —(1)c
Xln(x—lA_lj>G;_1_) ’ (187)

Neglecting again terms ~J3, the double logarithmic integral

can be replaced by (with aE—i% and bE—i%

1
1 1
f dxln(x+a)ln(x+b)%—Ealnza—zbln2b+alna
0

1 Sa a
+bInb+—aln®*——aln—, forla|<|b
2 b b

) (188)

and analog for |a|>|b| by interchanging a < b. For some
special cases, Eq. (188) can be written as

Lo, L5
—-—aln*a-=bIn*b+alna+bInb forla|~|b| <1

1

f dxIn(x+a)ln(x+b) =9 2 2
0

—alnalnb

Equations (184)—(187) together with Egs. (188) and (189)
are the final results for the effective Liouvillian (or the
current kernel if the first vertex in all terms is replaced by
the current vertex) for a generic model of a quantum dot in

the Coulomb blockade regime. The vertices G| ¢ and G4

at A=A, follow from Egs. (115) and (145). The first-order

quantities Lgl)c and Z(¢ follow from the solution of RG
equations (130) and (131) at A=A, and the second-order
terms Lgﬂ’)", L(Sz")", 7P and Z29¢ are determined by RG
equations (158)—(161).

Looking back at Egs. (177)—(179), we see that the third-
order terms involving three vertices on the r.h.s. of the RG
equations enter only explicitly via the last term on the r.h.s.
of Eq. (179). This part is of O(Ji) and does not contain any
logarithmic contribution since Kx(A;,) Hiﬁ for A—0.
This means that the logarithmic contributions are only gen-

(189)
for |a| < |b| ~ 1.

erated by the terms in second order in the renormalized ver-
tices, but including their corrections in second order in J, via

Eq. (172). Both the imaginary parts iG?“)¢ and the fre-
quency dependence generate logarithmic contributions. Im-
plicitly, third-order terms in the vertices are also present in
the last term on the r.h.s. of two-loop RG equation (143),
which determines the contribution G?%), see Eq. (146). As
already mentioned after Eq. (146), it may happen for more
complicated models than the Kondo model that this part can
change the leading-order vertex in a nontrivial way (i.e., not
only by a change of the Kondo temperature) leading to new
logarithmic contributions not expected from the matrix struc-
ture of the leading-order vertices.

A13|>1:, we

have a=—ia and b=—ib, with @ and b being real. In this case,
we get for Egs. (188) and (189)

For w=0 and away from resonance |A,,

s
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1
_,'f
0

dx In(x

T - L=
- i5<|ﬁ|ln|5| + |b|In|b| - |a@|(1 - sign @ sign b)In

1 | - o
Ea_ln2|c7| + Eb In?|b| — @ In|@| - b In|b| - i§(|c7|1n|ﬁ| +|bInjd|)  for |a] ~

-~ sign b Infa
—1l—_a sign nja
S 4518

For w=0, we see that the terms containing explicitly the
complex factor i start always one power less in the logarithm
compared to those without the factor i. The terms without the
factor i start with the logarithmic contribution ~J In —= |A+tFI
whereas the ones with the factor i start with terms

. A . . .
~zJ§ In |A+_‘f|' Therefore, in the following section, where we
l
apply the general formalism to the Kondo model, we will
restrict ourselves only to those terms. This means that for

w=0 we take into account all terms of order O(1), O(J,), and

1 1
—ia)ln(x - zb)~—aln2|a|+2bln2|b| a@ln|a| - b In|b| -
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a
—a In?| = ‘
b
2 ) for | (190)
b
lb| <1
(191)
for |a| < |b| ~ 1.
|
O(J2 In ﬁ) without the factor i, and all terms of order
0(J2) and O(J3 In —) with the factor i. Thus, we can ne-

[A+il| (20)
glect the contributions from L{“¢ and Z29¢ in Eq. (185)

[according to Egs. (160) and (161)], and the first two terms
on the r.h.s. of Eq. (186). Therefore, the first-order correction
ZM is not important for the final result. Furthermore, we can
neglect all real terms in Egs. (190) and (191). This leads to
the final equations

LY(E)poo= LY~ EZVe, (192)
c ¢ —(1)c c AC —(1)c
LP(E) yoo = LIV~ EZOP — i~ G A 1|y ~ ~G1Y Alz( )G%r , (193)
12
1~ 1~ A
(3a) ~ _ (e e (Zal)‘ (2ay)c e (De
L (E)p=0 =~ - 5612 A12(111 A, ) > It AIZ(IH A, >G21 . (194)
1
. =~(1)c A De A e
LBP(E) \_o ~ — i, f dxG\Y ln<x -8 )G( “In ( i >G;1) : (195)
0 c c
with
Aij:Ez]_ZSs (196)
and
R .= |a _
|a|in|@| + |b|In|b| - |a|(1 — sign @ sign b)In| = for |a| < |B|
1 3 o b
- if dx In(x —ia)ln(x —ib) = —i— _ _ (197)
0 2 |a|In|a| + |b|In|b| for |a| ~ |b] < 1

a sign b In|al for |a| < |b| ~ 1.
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Close to resonance, where the effect of [’ can not be ne-
glected, we have to consider the imaginary parts of the ei-

genvalues of ZS as well. If an eigenvalue h—iT occurs, we
have to replace AUHEU—E+ iT", and

~2 E;—h

|Alj| — (EU_ h)_ arctan —%,
™ r

2 El” - ]’7

sign A;; — — arctan ——
™ r

III. KONDO MODEL
A. Model and algebra in Liouville space

Model. Now the RG formalism developed in the previous
section is applied to the anisotropic spin-% Kondo model in
an external magnetic field 4> 0. In this case, we have

Hg = hoS*, (199)
1 (J;a,)OSiO'im_, for p=- 77/ =+
sur=5 i i . (200)
- (Ja,a)OS 0y, for p=—n'=—,
where a denotes the reservoir index, i € {x,y,z}, and
(To)o=Too= o (201)

S’ is the i component of the spin-% operator of the quantum
dot, ¢’ is a Pauli matrix, and (J5, a,)o[(Jia,)O] are the initial
exchange couplings which correspond to processes without
(with) spin flip. If we choose the reservoir states such that the
exchange couplings are real, we find from hermiticity (19)
that the exchange coupling matrices are symmetric,
/L 2L
Vaar)o =g o-

aa’’0~

(202)

If one derives the Kondo model via a Schrieffer-Wolff trans-
formation from an Anderson impurity model (see, e.g., Ref.
27), one finds

(Jiy/i’)o =2 \’xozxvz’JZ/L s

Dx,=1,

a

(203)

which is used sometimes to simplify the calculations. Fur-
thermore, although the general formalism and many of the
following formulas are also valid for an arbitrary number of
reservoirs, we will finally consider the case of two reservoirs
only, with «=L, R=*, and chemical potentials given by

Vv
M=,

5 (204)

where V is the applied voltage.
Representation in Liouville space. In Liouville space, the
initial Liouvillian and the initial vertex are given by

LY =[Hg, - 1_=ho(L*+ L), (205)
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(Jiwr)()LPio'iT , forp=—7'=+

—_

G =~ 7
1’ 2 _(Ji )Lpio_i f o
a' /0 oo 0L P=—17 =—,

(206)

where the spin superoperators L= (LP*,LP¥,LP%) are defined
by their action on an arbitrary operator A in Hilbert space via

L*'A=SA, L A=-AS. (207)

We will now derive a closed set of basis superoperators to
represent the renormalized Liouvillian and the renormalized
vertices (note that this set will be more complex than the one
derived in Ref. 17 for the isotropic Kondo model). Because
the Hilbert space (spanned by the states |T) and ||)) is two
dimensional, the Liouville space of operators acting on it is
four dimensional, and the superoperators defined in this sec-
tion can be represented by 4 X4 matrices. This means that
we need at most 4 X 4=16 basis superoperators.
We define the four scalar superoperators,

3 1
L“=Z-1+L+-L—, L”=Z-1—U-y,

1
Lf= 3 1+2L7L7% L[h=L*+ L7, (208)
where 1 is the identity superoperator, and the vector super-
operators

1
L= (L" =L +2iL" X ). (209)
Because the Hamiltonian is not isotropic, we have to split
vector superoperators (209) into their components and con-
sider these separately. We define
L. =L =LV

fori e {1,2,3,+,-} (210)

and find that we get a convenient superoperator basis if we
add the set {L'*,L%, L' L3 ,L% L3} to the four scalar super-
operators, where

LY =12 + (LAL 7+ L*LY), (211)

L3 =12 % (LYL7*+L*7L7). (212)

This set of 14 basis superoperators is sufficient to describe
the anisotropic Kondo model with J=J'=J+, where rota-
tional invariance around the z axis holds. In the case of the
fully anisotropic Kondo model with J*# J*, two additional
superoperators

L, =LLl=-1L}, (213)
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L_=0L'=-1°1* (214)

have to be used, which we do not need in the following.
We note the properties

TrglX=0, for x=a,c,h,3z, (215)
TrglX =0, for y=3,4,5, (216)
Trgl” TrgL'?, TrgL! #0, (217)

together with the transformation under ¢ transform (66)

(LY¢=LX, for x=a,b,c,1z,3z, (218)
(Lhe=-r" (219)
(LX)“=LX, for y=1,3, (220)
(LX)*=-LX, for y=4,5. (221)

Using spin rotational invariance around the z axis and
spin conservation, together with properties (215)—(217) and
TrgLy(E,w)=0 [see Eq. (99)], we find that the Liouvillian
and the current kernel can be represented as (in each step of
the RG)

Ly(E,w) = h(E,0)L" — iT%(E,w)L* — iT“(E, w)L*

—iT%(E, )L, (222)

S (E,0) = iTE )L +iT (E,0)L", (223)

where as usual we always assume implicitly that the Trg is
acting from the left when we consider the current kernel or
the current vertex

2, =Tr2,, I, =Trgl],.

From Eqgs. (101), (102), (218), and (219), we get the fol-
lowing transformation under complex conjugation:

I'X(E,w)* =TX(- E,w), for x=a,c,3z, (224)
I'NE,0)* =T~ E,0), for x=b,1z, (225)
WE,0)*=h(-E,). (226)

The various terms in Eq. (222) can be interpreted if one
analyses the spectral properties of the renormalized Liouvil-
lian. Lg(E, w) has four eigenvalues,

)\O(E’ (1)) = 0,
M(E,0)=-il'(E,w),

MN(E,w)= * h(E,w)—i(l"+T)(E, ). (227)

N\ corresponds to the stationary state, A; describes the relax-
ation mode, and N\ correspond to the two dephasing modes.
The projectors P(E,w)=|x(E,» XX,(E,w)| onto the four
eigenspaces are given by

w%

Py(E,w)=L" - ,
o) T“(E, )

PHYSICAL REVIEW B 80, 045117 (2009)

I(E, )
Py(E,w)=L'— L+ ————L%,
1(E, w) + T(E. )

P.(E w) = %(L” +Ih, (228)

and the right and left eigenvectors follow from

1 T*E,w) )

<0-0- |)C0(E, w)> = 50'0"(5 - U2F“(E, w)

(o’ |x|(E,w)) = 8,10,
<0-0J |xi(E’ 11))> = 50,—0" o+
(X(E,0)|00") = 8,4y,

1 IPYE,0
(o=, oo TED)

(X (E,0)|o0") =8y _s1 Oy (229)

According to Eq. (44), the eigenvector |x,(0,0%)) corre-
sponds to the stationary state. Therefore, we get

3z

Core

St 1 Z
ps = 51 +2MS?, = (230)
where M denotes the magnetization, which is related to I'*
(if no argument is written, we implicitly assume E=0 and
w=0").
The stationary current follows from Egs. (45) and (223) as

(I == iTrgX py,

=Fb,yTrspr§t + FlyZTrsLlZp?,
which, by using Eq. (230) together with %TrSLblzTrSleSz
=1 and TrgL?S?=Tr¢L'?1=0, gives

(I"=T"+2MT. (231)

To represent the vertices, we define the reservoir spin ma-
trices

o ==(1* o9,

. =—(0, * i), (232)

0| =
Do | —

and the following operators in combined reservoir spin space
and Liouville space of the dot.
X = X7,

for y=a,b,c,h,17,3z, (233)

[X=IXo., fory=1,34,5. (234)

Using spin rotational invariance around the z axis, together
with properties (100) and (215)—(217), the renormalized ver-
tices can be represented as (for 7,=—7,=+)
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612 (E’ w’wl’w2)|171=—772:+ = 2 E GXS(E’ w’wl’wZ)Lsx’
s=* y=a,c,h,
3z,3,4,5

(235)

7?/2 (E, (1),0)1,(1)2)|7]l:_-,72:+ = E 2 T‘VXS(E, wswl’wZ)L./v\/'
s=* x=b,1z,1

(236)

In these equations, we have used a compact matrix notation
in the reservoir indices (a;, ;) and the reservoir spin indices

(0y,05). Whereas GX* = (é{fl az) and [ = (73)1‘22) denote ma-

trices in the reservoir indices, the quantities I:;‘ are matrices
in the reservoir spin indices according to definitions (233)
and (234). Again, we note that Eq. (236) holds only if the
trace Trg is taken from the left. For 7 =—n,=—, we use
antisymmetry properties (97) and (98), and obtain from Egs.
(235) and (236)

G12 (E’ w, (1)1,(1)2)| ===

PHYSICAL REVIEW B 80, 045117 (2009)
7?’2 (Ea w,w],w2)|

Mm=="1m=

=— E E T'YXS(E’ w, wZ’wl)T(LAg()T’
s=* x=b,1z,1

(238)

where (...)" denotes the transpose only with respect to the
reservoir indices or the reservoir spin indices
(GXX)ZQ,I = (_;)(s’

a'a’

(fyxs) Za’ s

a'a’

Ay .
(L) gt = (LY) g1 o

Using properties (103) and (104) together with Eqgs.
(218)—(221), we obtain the symmetry relations

(239)

GY(E,0,01,0))* == GY (- E,0,0,0))

for x=a,b,c,1z,3z,

~hs % _ ~hs
G, (Eww0,0)*=G

a'a

(- E,w,w,,w),

=173, =173~
G, (E,0,0,0,)*==G,, (- E,0,0,),

a’ o

—4/5,s % ~4/5,—s
Ga’a’ (E’ w, w1, (1)2) = Ga’a (_ E, w, W)y, (.l)]) s

(240)

and the same for G — 1.

__ E E GX(E, w, an, ) ( i)()T (237) Algebra. The results of a multiplication of two of the op-
s Wy ) 0 L A
s=% x=a,c,h, erators LX are summarized in the following table (all prod-
32,3,4,5 ucts not shown are zero):
|
A R R/ L i¥ il i it i (241)
e | e 0 s " 0 L¥ 0 L Tl I
)i 0 ﬁ’: 0 0 L 0 ﬁlz 0 0 0
A I S S o 0 0 L2 Il
2 L 0 rh L 0 0 FL L3
L L 0 0 0 0 b 0 0 + il: 0
I3 0 ﬁ:z 0 0 [Ajfl _ I}‘i 0 + ﬁ; 0 0 0
R A N B S S A} 0 0 )y 0 Foil:
B0 im0 0 | w0 | fesit 0 0 0
R 7 R R B 7 0 0 F20% 0 2ie_ofc
il o o o i3 0 0 jesfl 0

Note that, according to definitions (233) and (234), the op-

erators lAé are matrices in the reservoir spin indices, where
each matrix element is a superoperator in the Liouville space
of the dot. The same algebra holds without the reservoir spin
indices if one replaces

LX —IX for y=a,b,c,h, 12,32,

X - IX for y=1,3,4,5, (242)
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in Eq. (241), with the only difference that also some products
not shown are nonzero [these are the products L3 L. =
—LiLi defining the basis superoperators L. . according to
Egs. (213) and (214), which are not needed for our case of
rotational invariance around the z axis]. Furthermore, we
note that algebra (241) is also not changed if we replace

I:{F — (lA}é)T for y=a,b,c,h,1z,3z,

i’é — (ié)T for y=1,3,4,5,

+* — T for all sign factors, (243)

which turns out to be very helpful to consider the two cases
n== for creation and annihilation operators, see representa-
tions (237) and (238).

Finally, we note that spin matrices (232) fulfil the algebra
(all products not shown are zero)

| o o
oL oL o (244)
o= = ot
and the same holds if one replaces
o= (02 e (02)". (245)

B. Two-loop analysis
1. RG above A,

Initial values. We start with the determination of the ini-
tial values of the Liouvillian and the vertices together with
their values after the first RG step, given by Egs. (73)—(75).

The initial values for the Liouvillian Lgo) and the vertices

(_}(111), and 6(111), follow from Egs. (205) and (206) as

L =[Hs, - 1= hoL", (246)
G\) =X 6" =- i, (247)
P
_ Lo
Gl =2 pGil == JIL" + L)', (248)
P

where we have taken 7=—%'=+ and used a matrix notation

jf)= [(Jg)aa,] for the exchange couplings in the reservoir in-
dices. Inserting the various definitions of the basis superop-
erators, we find the following representations for n=—7'=
+:

P ARV DR
G\l = EJ(Z)st - 513 (L} + D), (249)
~(1) 1Az rlz | 13z IAL 1,73
Gyl = JTos(LF + L)+ I (L + L. (250)

where we sum implicitly over s==* on the r.h.s. According to

77(1)

Eq. (41), the initial current vertex is given by I},

PHYSICAL REVIEW B 80, 045117 (2009)

=c171,éﬁ11),. Using Eq. (250), we obtain for n=—%'=+
- 14 4 1o, 4
IV = SJsLy+ Sy L, (251)
2 2
where
1
(JZ’;/IL)O = Cza/(Jz/il)Os Cz;a’ =- E(ﬁya - 5ya’) .
(252)

We have left out the components 3z and 3 in Eq. (251) be-
cause we assume implicitly that the Trg acts from the left on
the current vertex.

To calculate second-order contributions (73)—(75) from
the first RG step, we use the following identities for any two
superoperators Aqq: =AX‘YIA,§ and By =BX"f,§(, which can all be
proven easily by summing over the two possibilities 7;==*:

ApyBii= 2T AVBYS )(Tr, LXEX)). (253)

AndEyy = LO)Brr=24%  BYY (Tr LXE 400 — hoL)LY, ),
(254)

with E,, =E+w,—pm, . Here, Tr, and Tr, denote the trace
with respect to the reservoir indices and the reservoir spin
indices, respectively. Applying these identities to Egs.
(73)-(75), inserting results (249)—(251) for the vertices, and
applying the algebra of the basis superoperators, we find af-
ter some straightforward calculation the following result for
the Liouvillian and the current kernel after the first RG step:

m i
LYE) =~ iE(zD +iE)(TrJy Jy )L
w aa A m
- i§(2D +iE)[Tr(J3J5 = Jy Jo )L + ho| 1 = >

X(TrJE)L) - igho(Trjgjg)LSZ, (255)

S9(E) = 17 Oyl = 1 LU P4 20 )2l

(256)

Thereby, the terms proportional to the band width cancel
with terms generated by the second RG step, see Eq. (163).
Therefore, we can omit them together with the real terms of
second order in J [which are not the leading order ones in
this order, see the discussion before Eq. (192)]. Thus, we are
left with the following inital condition to solve RG equations
(158) and (159):

T aa
L aeny =i Eho(TrJoL Jy)L*, 257)

T .
E(yy])h:z\o =- izczar(ﬂa = o) () + 2T )DL,

(258)
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2y ony= 252, = 0. (259)

We now calculate the form of vertex (75) after the first
RG step, which leads to the initial condition for the vertices
5(121“,1) and 7?52,“1), given by Eq. (145). We use the following
identity, valid for p=—%'=+:

ApBy = (11 =AXSBX,S/IA4§I:§(/’ - BX/S'A"S[(LA?)T(LA?:)T]T.
(260)
Applying this property to Eq. (145), inserting Eqgs.

(249)—(251), and applying the algebra of the basis superop-
erators, we find after some straightforward calculation for

n==7'=+

~(2a Tanl a3, Toanl  ala s
G aer, = SodysLy + - Uds +Js LY. (261)

7}/(2(11) z(

— 0 N JyLyLl 7L 5yINTh
0 A=a, == o USIo= oI5+ 2080y = 205 I

(262)

Vertices in first order. The RG equations for the lowest-
order vertices G(lll), and i(lll), are given by Egs. (115) and (116)
with initial conditions (249) and (251). Using Eq. (260), one
finds after some algebra that the initial form of the leading
order vertices is preserved, i.e., for p=—7'=+

o L e sy
G\ = EJZsL? - L4+ 1), (263)

oy L a1
) = —Jrshi v L, (264)

2 2
with
1

S =l J ) = 5(% ~8,),  (265)

provided that the renormalized exchange coupling matrices
fulfil the poor man scaling RG equations

(266)

d . A d . 1 ~4 A A
_JZ:(JL)Z’ _JLz_(JZJL_'_JLJZ),
dl dl 2

where /=In Ay/A is the dimensionless flow parameter and

J7 Az Ao:]f)/ + is the initial condition.
The poor man scaling equations have the invariant

(2¢)? = Tr(J3J¢ = J*J+) = const. (267)

They can be solved easily if one assumes form (203) for the
initial couplings. In this case, we have the same form for the
renormalized couplings,

T = 2 xgx o, Dx,=1, (268)
and the two exchange couplings J° and J* fulfil the RG
equations
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d
— = Z(JJ_)Z,

d
—Jt =277, (269)
dl dl
These RG equations have two invariants
Jz_ c 1/4c
E=(P-U Te= A( ) . @)
J+c

where c=i\|(J9)?=(J1)?| for |F|<|J*|. Tx denotes the
Kondo temperature, which can also be written as

Ty = Ao~V (1+5/(1-5)] 271)
with
JJ_ 2
S=sign(J)\/1 - <?> , (272)

and, for |J?| <|J*| [where 8=isign(J)|d|], the imaginary part
of the logarithm is defined such that —27<In(z) <0 (such
that Tk does not jump during the RG flow and is exponen-
tially small). Thus, for |J?|<|J*|, we obtain

Ty = Ae~(V27 | larctan| s m/2[sign(7)-11} (273)

For the isotropic case (J=J*=J), we get the usual form
TK=Ae‘1/2J . In terms of the invariants, the solution of Eq.
(269) can be written as

T 4¢
1+ (—K)

A 1
e o =20——F -
1(1) 1(1)

A A

In the scaling limit J5, J; —0 and Aj— o, such that Jj_ﬁ
0
=const and Tx=const (which is possible for J°>0 or ||

F=c (274)

<|J%]), we obtain the well-known isotropic form
1
J=Jt= : 275
A (275)
2In—
Tk

with Tx given by Eq. (271) (where the anisotropy of the
initial exchange couplings still enters).
Liouvillian in first order. To determine L(SI)(E ,w) from Eq.

(129), we use solution (263) for G\V, together with identities
117 108

(253) and (254) to evaluate the r.h.s. of RG equations (130)
and (131). We obtain

d 1 s
EU;) = E(TrJZJZ)hOLh, (276)
d (1) TL7L 27rc
— = (Tr. c°Le,
7 (TrJ-J1)L + 2¢2L° (277)

with the invariant ¢ given by Eq. (267). Using TrJ<J
=TrJ*J* +4¢* and jijl:%jz according to Eq. (266), we
find the solution (note that the inital conditions are zero in
first order in J)

LW(E,w) =LY — (E+iw)Z", (278)
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1 . .
L= ST = F)hoL" + 2¢2IhoL", (279)
Z0 = Tr(J? JO)L“ +2¢HL°, (280)

where the flow parameter /= 1n =In 2 T ~ln& 7, can be ex-
pressed in terms of the exchange couplmgs by using Eq.

(270),
1 J—c Jo—c¢
=—1|In —In——|.
4c J+c G+c

Whereas the logarithms in this formula are pure anisotropy
terms depending on the ratios of the exchange couplings, the
prefactor 4%_ gives [~ O(1/J), i.e., the second terms ~c?/ on
the r.h.s. of Egs. (279) and (280) are of the same order O(J)
as the first terms.
Current kernel in first order. The current kernel 2(1)(E )
can be determined similarly to L(1 (E,w), one ]llSt has to
replace the first vertex on the r.h.s. of RG equations (130)
and (131) by current vertex (251). Using identities (253) and
(254) together with the algebra of the basis superoperators,
we obtain zero on the r.h.s. of the RG equations, i.e.,

SV(E, ) =0.

(281)

(282)

Vertices in second order. The vertices in second order in J
follow from decomposition (144), where the first (imaginary)
part lG(1 lzf‘) (or iiﬁz,a‘) for the current kernel) is given by Eq.
(145). Since the renormalized vertices in first order have the
same form as the initial ones, we obtain the same form as

Egs. (261) and (262) with jé’ L gL

a Tl alaa
G = Tgijrgid Tt s L, (283)
11 2 4 S
7 < TG a2 =20 .
(284)

In contrast, the (real) parts G(lzla,Z) and 1312,@ have to be
calculated from RG equation (143) with zero initial condi-
tion. We use same ansatz (263) and (264) as for the vertices

in lowest order, i.e., for n=—7'=+

Loy Lo o
I S N0 e
1. 1A 4
11’}/(12’(12) — EKVZSL;Z + EK)}/LLAI" (286)

with K¥+, K+ ~ 0(J?). However, instead of Eq. (265), we
set

Krot=c? KI5+ RV, (287)
which can be viewed as a definition of R?<'*. Inserting Egs.

(285), (286), (263), (264), and (280) into RG equation (143),

PHYSICAL REVIEW B 80, 045117 (2009)

and using the following properties [analog to (260)], valid
for p=—n'=+:
ApL¥Bs, - (1 1) = AX'S BYS T X,

"

_ BX'S"AX's ((LX )TL)((L)( )T)T
(288)

AysByy iz =2BY (Tr AY'S CXS") - (Tr, LY (L)) o LX),
(289)

we obtain after some lengthy but straighforward algebra the
following RG equations:

d . B [P A
EKZ =— (Tr(F = J))J T+ + E(TrJZJZ)JZ +KtJt + JEKE,
(290)
d oL 7Z_ 2 ! 727L 71T ! 7L7Ly 7L
EK =—(Tr(J* = J3) +2c I)E(J‘J +J JZ)+E(TrJ JHT

+ E(KLJz + Kt + K+ THK), (291)

d - 1 onn A Al ala . s
ER”Z =— E(TrJZJZ)JW =2 T+ T RV

+JERY, (292)
d L 1 JLILNTYL o 270771 o 7L T
° =—5(Trj VT + CUITE + TR
+ E(Rﬂ,/Z + PRV + R™J + J'RY). (293)

Together with Eq. (287), we have derived here the full two-
loop equations for the vertex and the current vertex in the
most general case, including anisotropies and all possibilities
for the dependencies on the reservoir indices. If we define
the total vertex by

A

f/i =jz/L + I%z/i’ (294)
and take the sum of RG equations (266), (290), and (291),

we get, by neglecting terms of O(J*) and terms of
O(JOJZ,JSJ) (which vanish in the scaling limit J,—0), the
following result:

S =TGP ST, (299)

d A A 1 A A A A 1 A A
57 = =TS (FT + T ) + [T T) T
(296)
For J=7*=7 and the case of two reservoirs with NI

=Jrgr, these equations reduce to the two-loop equations of
Ref. 35 [where the nonuniversal parameter a in Eq. (104) of
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this reference has to be chosen as a=3]. In equilibrium (i.e.,
for a single reservoir), we recover the well-known two-loop
RG equations for the anisotropic Kondo model derived in
Ref. 36 [up to nonuniversal terms arising from adding terms
proportional to the invariant Tr(J5J*=J*J*)].

If the exchange couplings fulfil relation (203), the RG
equations can be solved easily. In this case, we have

RIS =l R, 297)
and
K2 = 2\xx o K4, (298)
R =2\xxR7™, (299)
with
d 4 Z Z 132
EK“ =—4F =TT (300)
+2()3 +4J KL, (301)
d. z 2 L 143 L gL
EK == 4 =T+ 2 )T +2(J7) + 2(FK— + K9,
(302)
d 3 270 7132 Lpl
ER":—Z(JZ) —4c*l(JH)" +2J"R,
d .. 143 2yl 4 Epl o plpz
ER ==2(J") +2c° T +JR-+J R*.  (303)
Special solutions of these equations are given by
.3, 2z 27132 g
K =§c + 2l T+ AL (T ) = () ln]—l, (304)
0
JJ_
Kt =1c3* + 45T = FJ- In —, (305)
0
R == (J)?-2c°1F, R'=-FJ*, (306)

and the initial conditions K*=K*=R*=R*=0 can be fulfilled
by adding linear combinations of the following solutions of
the homogeneous part of the RG equations:

K:=(JY%, Kt=JJ*h, (307)
K:=JF+21(J5)?, K =J"+21°°", (308)
R*=J%, R*=J". (309)
As a consequence, the final solutions are given by
Z 3 Z( JZ Z 21z Z(71)2 1)2 JL
K =EJ(J =Jo) + 20T+ 1I(J7)* = (J7)" In —,

0

(310)
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3 J*
Kt = EJL(JZ —J8) + 12T + 1T = FJ  In e
0

(311)
R = J(J§ - F) = 2¢°1LF, (312)
R =J(J5-F). (313)

Using Eq. (281) and ¢*=(J%)?—(J*)?, we see that the ver-
tices in second order contain four different types of terms,

0(Jo]),0(J%),0(J* In J),0(J% In Jy), (314)

in addition to factors which contain ratios of J°/J* or J5/J; .

In the scaling limit, the terms of order O(J,J) can be ne-

glected. The terms of order O(J?) are just a perturbative cor-

rection to the first-order vertices and can be neglected too.

Therefore, we see that the terms RY+ are not important and

current vertex (287) in second order can be written as
Kot = €huK o

a'

(315)

The terms of order O(J?1nJ) are logarithmic corrections,
which are of order J In J smaller compared to the first-order
vertices. Since J<<1 they are also perturbative corrections
and can be omitted. They lead only to an overall change of
the physical quantities without any interesting dependence
on some physical energy scale (like, e.g., the voltage, mag-
netic field, etc.). The most important terms are those of order
O(J? In J,) since they diverge in the scaling limit. Therefore,
they have to be incorporated into the definition of the Kondo
temperature. Using solution (274) with Tx— T} and expand-

ing in JIn 7*, we find

T 4c
I+ (—K T
(F) = e = F+2(5)% In =%,
T Ty
(3
A
5
A Ty
WY =207 = I+ 250 In K
A

i.e., the terms of order O(J%InJ;) in Egs. (310) and (311)
can be acccounted for by the redefinition

T, =\JiTy. (316)
As a consequence, the main effect of the two-loop terms for
the vertices is the replacement Tx— Ty, which we will al-
ways implicitly assume in the following.

In other (more academic) cases, where form (203) of the
exchange couplings is not fulfilled, the part RZ‘; - can gener-
ally not be written in form (297), i.e., y must not necessarily
be equal to @ or ’. From RG equations (292) and (293), one
can only prove that
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z/ L /L
RZCK’ = _Rzz’a >

S RE=0.
Y

(317)

However, in the special case of two reservoirs, these condi-
tions lead again to form (297). It is an open question of
future research to analyse the two-loop equations in all cases
and to find out whether there are interesting situations where
the two-loop contributions can not be simply accounted for
by a renormalization of a single parameter. In addition, it is
not clear whether the corrections RZ’;'/,l to the current vertex

are generically unimportant. In this paper, we discuss only
the physically realizable situation, where the exchange cou-
plings fulfil property (203).

Liowvillian in second order. For Eq. (193), we need the
following second-order contribution to the Liouvillian:

LP(E,0) = L§" - (E+iw)Z®, (318)
(2b)

where L") and Z®?) are determined by RG equations (158)
and (159) with initial values given by Egs. (257) and (259).
Inserting results (263) and (283) for the vertices into Egs.
(158) and (159), and using identities (253) and (254), we find
after some algebra the RG equations

d i al
=L = — imhy(TeJ - T ) L%,

LS (319)

d

—720) = 0. (320)
dl

Using (J i)2=%jz according to Eq. (266) together with inital

condition (257), we find the result

' AL A
L§P =~ i hy(Te/ T L, (321)
Z2 =0, (322)

where we have used that
4¢® = Tr(JoJF = JHJY) = Te(F T - T )

is an invariant according to Eq. (267).
Current kernel in second order. Analog to L(SZI’)(E ,), We
evaluate the current kernel

SONE,0) =3~ (E + iw)Z2 (323)

from RG equations (158) and (159) by using results (264)
and (284) for the current vertices. This gives the RG equa-
tions

d T A
EE(?’%) - IECZa’('ua - l“a’){‘lzaa’(‘liji)a’a

+ I TTE+THT) g L (324)
and %Z(fb)=0. Using ijL:%ﬁ and jzjl+ﬂjz=2$ﬂ ac-
cording to Eq. (266), we find together with initial conditions
(258) and (259) the result

T
300 =iy el e o)l + 20,1,

PHYSICAL REVIEW B 80, 045117 (2009)

z8P =0.

5 (325)

2. RG below A,

We now start to evaluate final formulas (192)-(195) for
the effective Liouvillian and the current kernel, which are
represented in terms of the basis superoperators according to
forms (222) and (223). All final quantities are evaluated at
=0 and are meant at A=0 which is not indicated explicitly,
i.e., we write from now on

Ly(E) = Ly(E,0=0)y_o = h(E)L" = iT“(E)L* - iT*(E)L*
—iT¥(E)L%, (326)

S (E) =3 (E,0=0)y0=iTY(E)L" +il(E)L".
(327)

Since only the first order vertices evaluated at A=A, oc-
cur in the final formulas, we will furthermore use the con-
vention

4 — Z 1 1
Ja'a’ = (Ja/a’)|A=AC’ J(:wz’ = (Jaa")|A=Ac'

According to Eq. (111), the scale A, is defined as the maxi-
mum of all physical energy scales, i.e., in our case of the
Kondo problem

(328)

A, =max{E,V,h}, (329)

where /1 is defined by the renormalized magnetic field or,
more precisely, as the real part of the eigenvalues of the
operator ZS. Therefore, we have to keep in mind that renor-
malized exchange couplings (328) depend implicitly on the

variables E, V, and I via the scale A..
According to Eq. (55), any function H(A,,) of the quan-

tities Aj,=E;,—Lg is defined by

H(Ap) = X H(Ep - 2)Pi(z), (330)
with i=0,1,= and z;=\(z;). N(z)=NE,w) and P,(z)
=P,E,w) are given by Egs. (227) and (228), with z=E
+iw. As a consequence, we obtain the following self-
consistent equations for z;:

7=0, (331)
2 ==il"(zy), (332)
o= F h(ze) —i(T+T9)(z2). (333)

The pole zp=0 corresponds to the stationary state, which
does not occur in the resolvents between the renormalized
vertices due to our special construction, where the eigen-
value zero is perturbatively integrated out during the first
discrete RG step. The poles z; and z. correspond to the spin
relaxation and dephasing modes. Using symmetry properties
(224) and (226), we obtain under complex conjugation

7, =il"(-z)), (334)
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Zi= £ h(-20) +iT"+T)(-z27), (335)
which gives
Z3 ——ZT =-iT,, (336)
ze=-zo=xh-il, (337)
As a consequence, Eq. (330) becomes
H(A 1) = H(E ) Po(0) + H(Ep + TPy (= iT')
+ H(E,y — sh+il5)P,(sh—iT,). (338)

where we sum over s==.

Inserting Eq. (338) for the various functions occurring in
Eqgs. (193)—(195), we see that the projectors stand always left
to (_?5})6 or Gf-f“l)c. Using results (263) and (283) for these
vertices together with the algebra of the basis superoperators,
we conclude that the parts of projectors (228) containing
either L? or L* do not contribute, and we can replace L
— 1. Thus, by inserting Eq. (228) in Eq. (338), we obtain the
useful identity

H(A ) — H(Ep+il)(1 - L°)
- =1
+H(E12—sh+iF2)5(LC+sLh), (339)

which will be used frequently during the following analysis.

As a consequence, we find that the spin relaxation rate T,
will cut off all logarithms where the magnetic field does not

occur, and the spin dephasing rates fz cuts off all logarithms
where the magnetic field occurs. This is expected since the
spin dephasing rate corresponds to spin flip processes. In
addition, we also conclude from Eq. (339) that the pole of
the projector P;(E,w) at I'(E, w)=0 does not contribute.
Liouvillian and current kernel in first order. The Liouvil-
lian and the current kernel in first order in J have already
been determined in Egs. (278)—(280) and (282), which gives

h(E) = %Tr(}z — J3)ho+ 221k, (340)
1“D(E) = — iETr(J* - J§), (341)
I“O(E) = - 2iEC°L, (342)
3(E) =0, (343)
with /=In 72, and
r"W(E) =T (E) = 0. (344)

Liouvillian and current kernel in second order. The first
two terms on the r.h.s. of Eq. (193) have already been evalu-
ated in Egs. (321), (322), and (325). For the evaluation of the
last two terms on the r.h.s., we use Eq. (339) and the identity
[H(E) is any function]
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H(E) 1 +2)A; | LXBy 7 = 2H(E o + 2)AY S BY Tr LS IXLY,
(345)

together with results (263) and (264) for the first-order ver-
tices. After some algebra, we obtain for the components of
the effective Liouvillian in second order

1 ~ ~
Re h?(E) = - 7 Baew = LoAE g - h(J )+ (E— - E),

(346)

Im h(z)(E) - _ 78_T|Eaa’ _ i;|(‘];a')2 — (E — - E), (347)
Re Fa(z)(E) = jIT|Eaa’ - ]/7| (‘Icira')z + (E - E), (348)

1 ~ ~
Im Fa(Z)(E) == E(Eaa’ - h)LZ(Eaa’ - h)(‘]iaf)z - (E — = E),

(349)

Re[ra(Z)(E) + FC(Z)(E)] = 78—7{|Eaa; — 1’7| (wa[r)z + |Eaa’|(‘]ia’)2}

+(E—-E), (350)

Im[T*@(E) + T<(E)] = - i{(Em/ — W) LAE e = W 0)?

+Eaa’£l(Eaa’)(Jia')2}_(E_>_E), (351)

3(g) = %ThoTerjL, (352)

and the following result for the components of the current
kernel in second order:

I"2(E) =- ff(ua — pa) LT+ 2050 ), (353)
Re I'"P(E) = 1—7|Ew, — RV +(E— - E), (354)
1 - -
Im rlyz<z>(E) =— 5|E,m, ~ B LA E o = )T,
-(E—-E), (355)

where we have used the shorthand notation

A
¢ (356)
Va2 + (T)?

for the logarithmic terms. Note that the results respect sym-
metry properties (224)—(226), i.e., the real parts of all quan-
tities are symmetric in the Laplace variable E, whereas the
imaginary parts are antisymmetric in E.

L(x):=1n
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As we can see, for finite Laplace variable E, logarithmic
corrections occur already in second order in J. This is the
case for the real part of h 2)(E) and the imaginary parts of
I'“@(E), T“@(E), and I‘1 )(E). Therefore, in the stationary
state (i.e., for E=0) no logarlthmlc contributions occur in
0(J?) for the conductance and the magnetization, whereas
the time evolution is influenced by logarithmic contributions
already in this order, see Sec. IV A for more details.

Liouvillian and current kernel in third order. In third or-
der, there are two contributions to the effective Liouvillian
and the current kernel, denoted by the superscript (3a) and
(3b) and given by the two expressions, Egs. (194) and (195).
The components (3a) from Eq. (194) can be evaluated simil-
iar to the components in second order from Eq. (193) shown
above, just by using in addition results (283) and (284) for
the imaginary part of the vertices in second order. We obtain
after some algebra for the components of the effective Liou-
villian

hB9(E) = T*C9(E) = [°C(E) =0, (357)
P3CE) = = By = DL E e =1,
X(JJ*E + T ) o+ (E——E), (358)

and for the components for the current kernel

1—*?/(30)(E) - _ :{{Eaa,ﬁl(Eaar).]lik/(jljl)a/a

+ (Eqar = ) Lo(E gy = )75 (FT 4 THT) o}

+(E—-E). (359)

As expected, the logarithmic terms for the real parts of I'**

. (1)e ~(1)e 1
GYR(AGy, S(A )Gy ==~

1
R I o s
8 ajay” ayazt azay ala2

(s"E)S

a;ag

1
—Jr T T

4 X @p" 3T a3 “10‘2

(s'E - sh)S

and for E=0

1)e l)c

IVI)CR(AH)G S(A13)G |E=0

1
— Y Z L
=s=c? J Jt J
2 0(1(1’2 0(1(1’2 (12(1/’; (13(1/1 a1a2

(0)S 4, (T)L'

1
Loz gL
+s=cr Jo J ]

(sh)Sa o (sh)L'=.

(363)

J: JE R

{ 1% a3 a3q

aas
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and F’; start in order J°. This means that the logarithmic
terms for stationary magnetization (230) and stationary cur-
rent (231) start in third order in the exchange couplings. Note
that we have not calculated the terms in order O(J?) without
a logarithmic contribution.

The remaining logarithmic contributions in third order are
contained in the component (3b), given by Egs. (195) and
(197). With A=G"V¢ and B=1"V¢ we have to evaluate ex-
pressions of the form [note that (AX)"=A and (BX)"=-B
according to Egs. (263), (264), and (202)]

(A/B)5R(A12)A53S(A13)A57

=(A/B)Y  AXS XY

a ay a2“3 aza;

: TrU{L,)v(R(AalaZ)LX S(Aalas) i/’

(DR o JEX)S(B o EXDT), (360)
where Aaia«zEaia-_ZS’ and the two functions R(E) and S(E)
are either both s/ymmetric or antisymmetric: R(—E)S(-E)
=R(E)S(E). This identity can be derived by summing over
the two possibilities 7,=* and using representations
(235)—(238). The functions (R/S)(Aaa) on the r.h.s. can be

expressed in terms of the basis superoperators by using Eq.
(339),

(RIS)(Aga) — (RIS) g0 (E +il))(1 = L)

- <1
+ (R/S)aiaj(E —sh+ iFZ)E(LC +sLM,  (361)

where R, .. (E)= R(E+,ua ,ua) Inserting this result in Eq.
(360), we find after some stralghtforward algebra

alaz(s E - SE)SQI%(S/E) (L +ss'LM

(s'E = sh)(L + ss' L")

(s'E—sh)(L* - L°), (362)

Using this result in Eq. (195), we have to distinguish many
different cases in order to evaluate the logarithmic contribu-
tions according to Eq. (197). To simplify the discussion, we
will assume in the following only two reservoirs with chemi-

cal potentials u,= a%. Furthermore, we take w.l.o.g. V.h
>0. As we will see in Sec. IV A, we need only the two cases

E=0 and E=h in Eq. (362) for the calculation of the renor-
malized g factor and the spin relaxation and dephasing rates

fl 1, up to the first logarithmic correction. For the magneti-
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zation and the current, we consider the stationary case E=0.
We start with E=0. In this case, there are four possibilities

for the parameters |a| and |b| in (197),

ARIET]

AJA A,

I+

lal.|b| = (364)
According to Eq. (197), logarithmic contributions can only
occur if at least one of these parameters is small compared to

one. Therefore, we can distinguish three cases

V<h V<1
ih— —<
A b

Vs h— —<1,
A

c

(365)

and all the other parameters not indicated are of order one.
Discussing these three cases separately and collecting only
the logarithmic terms according to Eq. (197), we find after
some lengthy calculation

TBD(0) = amh Ly (R) (T 2) + ;—TIV— RILA(V = )T (Tg)?

v ~ ~
- E(V— h) Lo (V= h)J T~ (366)
T~ ~
TCE0(0) + TC0(0) = R Ly (R T5(5)°
+ jf(v- R+ V=R LAV -R)EJLTE,  (367)
Ly00) = = wVL{(V) il
= LB+ S T
w = =yl gl gz
+ E|V— h|LA(V = )Y ToaT,
w ~ ~ .
+ Z(V_ R) Lo (V= h)(J5T 5 = T DTS, (368)
with
e T
T =t = (370)

All other components do not contain any logarithmic contri-
bution in third order in J.

Next we consider E=/. In this case, there are six possi-
bilities for the parameters |a| and |b| in (197),
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|al,|b

s

|=A_LKA—L A (371)

In addition to the three cases shown in Eq. (365), we have to
consider the additional case

- V=24
V~2h—

<1. (372)
c

Discussing these four cases, we find after a lengthy calcula-
tion the following logarithmic terms for the effective Liou-

villian at E=h:

TaG)(7) = gﬁcz(/;u;uy + 75’ VL (V) Ed iy + Tl DI
T ~ T\ 72 ( 7L\2
+ Z'V_ 20| L,H(V = 2h) (T )

- E(V— 2R) Lo (V= 2RV L (373)

TGO () + TeCO(R) = g%(%ﬁz(ﬁ) + El(ﬁ))fi(fi )

= 0= V)V =)L, (V= D)2, (374)

Im AO0(8) = TRLARTI2V = S (V=LY = )l
- TOV=R(V=RL(V= I (75)

IV. RESULTS

In this section, we summarize the zero temperature results
for the anisotropic nonequilibrium Kondo model in a finite
magnetic field, introduced at the beginning of Sec. III A. We
will calculate quantities characterizing the exponential time
decay of the magnetization, i.e., the spin relaxation and

dephasing rates T, /> together with the renormalized magnetic

field /. Furthermore, we present results for the stationary
current (/”)*" and the stationary magnetization M. All quan-
tities are calculated one order beyond leading order, i.e., up
to the first term leading to logarithmic enhancements (sup-
pressions) at resonance.

For simplicity, we evaluate the results for two reservoirs
with voltages

Ho=az, a=L/R= *=. (376)

The diagonal and nondiagonal exchange couplings are de-
noted by

z/ L z/ L z/ L
Lm _”hR _JkL'

JL _ gzl
J,o=J

aa

(377)

The various couplings are renormalized couplings evaluated
at (note that the Laplace variable E is fixed to either E=0 or

E=h in the following) the cutoff scale
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A, =max{V,h}. (378)

Unrenormalized (bare) couplings are denoted by the index

“0.” Furthermore, we consider w.l.o.g. the case V,E> 0. Al-
though our results of the previous section include all cases
for the ratios between diagonal and nondiagonal couplings,
we will treat in this section the realistic case where the ex-
change couplings fulfil relation (203), i.e.,
T = 2\ xx g J, x xp=1. (379)

In this case, the two couplings J° and J* can be calculated
analytically from Eq. (274) with

— JZ p 1/4c
A=) -Uy)h Tx= Ao\ug( . ) , (380)
Jy+c
according to Eq. (270) and (316). Furthermore, we note that
some of the third-order terms can be taken together because

ST =T Ty (381)

Finally, for the logarithmic terms we use the shorthand
notation

Li(x)=1 _ A L(x)=1 _ A
X =In —> 2X =Iin —>
\/x2+I’% \/x2+I’§

and close to resonance, we use the broadened sign function,

(382)

2 X
sign;(x) = — arctan —, (383)
m .
where I’ 1 (fz) has to be chosen when the magnetic field does
not (does) occur in x (this rule refers to the case E=0, for

E=Hh also other cases can occur, see below). Furthermore, we
use the broadening of the sign function also for expressions
involving the absolute value or the theta function via

|x|; = x sign;(x), (384)

0(x) = %[1 + sign,(x)]. (385)

A. g factor, spin relaxation, and dephasing rates

In this section, we determine the renormalized magnetic
field / or the renormalized g factor
dh

g=2 -

; 386
dhy (386)

together with the renormalized spin relaxation and dephasing
rates fl . These quantities enter all formulas, especially they

determine the resonance position V=h and how the logarith-
mic divergencies are cut off by the rates. We note that pre-
vious works have only calculated f1/2 up to O(J%) in bare

perturbation theory,” and the renormalized magnetic field
has so far been calculated only up to O(J), see, e.g., Ref. 33.
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In contrast, here we perform a renormalized perturbation
theory for the rates and calculate in addition the logarithmic

terms of O(J3 In) for fl 1 and those of O(J? In) for I (corre-
sponding to contributions in three-loop by using the conven-
tional classification). Furthermore, we emphasize that we do
not need to combine self-energy terms with vertex correc-
tions as in slave-particle formalism? since we have directly
set up a kinetic equation from the very beginning where the
renormalized rates and the renormalized magnetic field can
be directly read off by studying the poles of the reduced
density matrix of the quantum dot in Laplace space, see the

discussion at the end of Sec. Il A. We now calculate / and

fl ,» perturbatively in the renormalized exchange couplings
by using results (340)—(342), (346)—(351), (366), (367), and
(373)—(375) for h(z) and I'““(z) (note that we take the ana-
lytic continuation E— E+iw of these equations). Thereby,
we consider all terms of O(J2,J° In) for T}, and all terms of
0(J%), 0(J), O(J21n) for h. Terms of O(J%) [0(J?)] without
any logarithmic contribution are consistently neglected for
L'yp(h).

To get the perturbative solution, we insert first lowest-
order results (340)—(342) into Egs. (332) and (333). This
gives

1

= T (7)) = i[O)(z)), 387
2 ll—J‘;+(JZ)o (Zl) l (Zl) ( )
1 )
1+ E(J“a— (J5)o) +2¢°.
- h
S E (B2,
+ 2 [hP(z,) =MW+ TW)(,)].  (388)

k=23

Using forms (336) and (337) for z; and z,, we see that T,
starts at O(J?). Therefore, neglecting terms of O(J*), we can

replace z;—0 and z, —/ in the arguments of ['““®) and h®
for k=2,3. Furthermore, we can neglect all contributions of
O(J?) for the first term on the r.h.s. of Eq. (387), and all
terms of O(J%) for the first term on the rh.s. of Eq. (388)
(since they do not contain any logarithmic contribution).
Thus, we finally obtain

[, =T“@(0) + T“?)(0), (389)

D= 2 {~ImA%(h) + Re(T*® + T<WO)(R)},  (390)
k=23

h=h+Re hP(h) + Im(T® + T@)(p), (391)

where

1
h= (1 - E[Juz - (]Z)o])ho (392)
is the renormalized magnetic field up to first order in J.
Inserting results (346)—(351), (366), (367), and (373)-
(375) into Egs. (389)—(391), and specializing to case (376) of
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two reservoirs and special form (379) of the exchange cou-
plings, we obtain

= gﬁ(lj)z + 72—7(|v— Rl + VA L) + ahi Ly ()T
m 7] N7z 7L\2
+ E|V— h|2£2(V— h)‘]a(‘]nd)

m e ™ 17
- E(V— h)Lo(V = h)J T T x, (393)

r,= gv(Jgd)2 + l—Tﬁ(Ji)z + 11(|V— R+ V)L
-~ TN 72 7L\2 m 7 INTZ (712
+Eh£1(h).]a(.]a) +Z|V_h|1£1(v_h)‘]a(]nd)

+ o (V=)L (V=R (394)

ﬁzh_éﬁcl@u@u %w-ﬁ)cl(v—m(ﬁdﬁ
(395)

These formulas show precisely which rate cuts off the vari-
ous logarithmic terms. Since the determination of the renor-
malized rates and the renormalized magnetic field involves

also the value of the Liouvillian Lg(E) at E=h, we can not

just use the simple rule that T'; (I,) cuts off the logarithms
where the magnetic field does not (does) occur (as it is the
case for the stationary case E=0). In contrast, we find that
the logarithmic terms of h and fz are cut off by fl, and those
of fl by fz.

h is the well-known renormalized magnetic field up to
first order in J which determines the precise resonance posi-
tions. Note that the sign of the linear terms in J in Eq. (392)
is different from the one in Eq. (279), showing that it is
important to consider the linear term in frequency of the
renormalized Liouvillian to determine the correct renormal-
ization of the magnetic field (similiar to field-theoretical res-
caling techniques from the Z factor’*). Note that the renor-
malized magnetic field is linear in the renormalized coupling,
but starts only in second order with respect to the bare cou-
pling. Furthermore, we note that the determination of the
renormalized magnetic field up to first order in J is usually
associated with a two-loop calculation, see, e.g., Ref. 33, i.e.,
the first diagram of Fig. 4 is called a two-loop diagram. We
are not adopting this notation in the present paper because
this diagram arises from closing the one-loop diagram for the
renormalization of the vertex (the third diagram in Fig. 4).
Therefore we call this diagram also one-loop and the second
diagram of Fig. 4 a two-loop diagram (which usually would
be classified as three-loop). We note that the classification in
one-loop and two-loop contributions is not unambiguous,
e.g., if one uses a not-normaled ordered version of the RG
formalism, the renormalization of the magnetic field in low-
est order in J would arise from closing the renormalized
vertex with itself, i.e., in this case one would classify it as
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— 4L, /dh
0.02 - ______. dF;?dhg

0.015
o
s
=
~
s 0.01
& ST
0.005 | T "'
0 I I |
0 05 1 15 ?
ho/V

FIG. 6. The relaxation and dephasing rates fl and fz, derived

with respect to the magnetic field &, for the isotropic Kondo model
ar

with V=10 D and Tx=10"8D. an exhibits a logarithmic en-
- F, o ~
hancement for 4>V whereas l;—hj is suppressed for A<V.

one-loop. Therefore, we prefer in this paper a classification
according to the orders in J and not with respect to the loop
topology of the diagrams.

Some insight into the logarithmic terms in fl 1, and I can
be gained by differentiating these quantities with respect to
the bare magnetic field A [for the rates r 12 and the second
order terms in A, it is actually equivalent to differentiate with
respect to & because multiplying with ;—}Z ~O0(J) would just
bring the expression one order higher in J, leading to terms
which we have neglected anyhow]. Furthermore, we differ-
entiate only the prefactor of the logarithmic terms and disre-
gard the dependence of the renormalized exchange couplings
on A, (which are small corrections since the logarithm varies
only slowly). This gives

dr . _
ST 4 my(h = VIUL)? + a LoD (TE)?
dhy 2
+ w0, (h = V) LoV = B (T )2, (396)
1.95
1.94
<
5
S o193
o
Il
>
1.92
1.91 L L
0 0.5 1 1.5

ho/V

FIG. 7. g factor g~=2dﬁ/ dhy, derived with respect to the mag-
netic field hy, for the isotropic Kondo model with V=10"* D and
Tx=108D.
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FIG. 8. Three-terminal setup including a third weakly coupled
probe lead, with up=eVp, in order to measure the renormalized g
factor as function of the applied voltage eV=pu; — uz.

df2 oo, T 12, T = N2
—=—{ —60,(h-V)(J —L(h)J(J
i 4( o) *3 i )(Jna) 3 (T y)

= SOV =LV =R (397)

g2 =2 U= U0~ LU - L1V =),
0

(398)

where we have used Eq. (381) to take some terms together.

= . .l ~ .
For both rates I'yj,, we get a jump in &h]: at h=V in the

leading order. In the next to leading order, there is a logarith-

mic enhancement for 42— 0 for both rates and a logarithmic

~ . . oy
enhancement for 7>V in %1) while we find a logarithmic

. . 1:7 7 .
suppression in ZT; for h<V, see Fig. 6.
The renormalized g factor shows a logarithmic suppres-

sion for #—0 and another logarithmic suppression for h
~V which is symmetric, in contrast to the effects we ob-
served for the rates, see Fig. 7. As one can see, the second-

0.022 =
V > 2h
0.02
yle
~
Sl¢

0.018

0.016 I I I I I I I I I
5 -4 -3 -2 -1 0o 1 2 3 4 5

tp/ho

FIG. 9. Probe-lead conductance in a three-terminal setup for
ho=10"*D, V=5X10"* D, and Tx=1078 D.
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order logarithmic terms lead to significant changes of the
first-order shift of the g factor. Especially at resonance V

=h, where one usually reads off the renormalized magnetic
field from the conductance (see below), the change in the g
factor by the logarithmic contributions is very important.

However, fixing the voltage at V=h, we obtain

gl =2 =[5 = (J)ol - (Jrfd)z <ln ~1>
I

V=h
(399)

with

(Dl = VUL +20,0% (400)

As a consequence, the g factor at V=Fh shows only a weak
dependence on the bare magnetic field A, via the renormal-
ization of the exchange couplings. The second-order terms
just lead to an additional overall decrease ~J?1InJ. To see
the suppression of the g factor more clearly at resonance, it is
necessary to measure it directly for various values of hy/ V.
In principle this can be achieved by electron spin resonance
(ESR), but, similiar to previous measurements of the split-
ting of the Kondo resonance in the spectral density,’® we
propose here a simpler setup with a weakly coupled third
lead, see Fig. 8. We use form (203) and, for simplicity,
choose a symmetric coupling to the left and right leads,

X =xp=x, xp<lI, (401)
Tona=Tp =T (402)

By changing the voltage Vj of the probe lead and mea-
suring the differential conductance GP=5LV';, one can probe
the renormalized g factor as function of the voltage V=pu,
— ug between the strongly coupled left and right leads. The
reason is that the contribution of inelastic cotunneling to the
probe current changes when the probe voltage crosses the

resonance points VP=‘5/ +h ,—%/ +h. The probe current up to

0.035 _
V < 2h
0.03 |
0.025
Nl
002
& &

0.015 - <« V 2l —VleV >

0.01

0.005 L L L
-2

1o/ ho

FIG. 10. Probe-lead conductance in a three-terminal setup for
hy=10"*D, V=8X 107 D, and Tx=10"% D.
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second order in Jp,, can be calculated from Egs. (231), 122) Vo - Vo -
(353), and (354) with the result Ip7(0)==—||Vp=—5—h Vet —h
4 2 ) 2 )
v L oy\2
- VP—5+h VP+—+h (JPM) . (405)
(IPy =T32(0) + 2MT 72(0), (403)
Here, M is the magnetization, which in lowest order is inde-
pendent of the probe lead and is calculated in the next sec-
tion. Taking the derivative with respect to Vp, we find that
where dri2(0) . i@

v, is independent of Vp, whereas v, gives rise to a
steplike structure shown in Figs. 9 and 10 for the two re-
gimes V>2h and V<2h, respectively. Sufficiently far away

T from resonance, we obtain analytically from Eq. (405) for
TU2(0) = TV, +207,0°). (404) " ytically from Eq. (405)
4 V>2h
|
ar'«® g Lol b for‘—/+l;> VP>‘—/—f70r —‘—/+}7> VP>—‘—/—E
T E(J Pnd) 2 2 2 2 (406)
r |0, otherwise,
and for V<2h
.
vV - vV -
2, for —5+h>VP>E—h
dar=@
=—(J3,9)% 7. vV -V Vo - (407)
davp 2" I, for —+h>Vp>——+hor—-h>Vp>——-h
2 2 2 2
\O, otherwise.

From the width of the steplike features one can read off the

renormalized magnetic field I at given voltage V and mag-
netic field 4. Thus, by varying V or hj, one can measure the
renormalized g factor as function of A/ V, thereby revealing

the suppression at resonance V=h as shown in Fig. 7. We
note that the experimental situation is usually in the strong
coupling regime J~ O(1), where the qualitative features are
expected to be more pronounced.

B. Magnetization and susceptibility

The stationary magnetization (which is nonzero only if a
magnetic field hy# 0 is applied) can be calculated from sta-
tionary density matrix (230). This density matrix is the solu-
tion of the kinetic equation and is a diagonal matrix. The
occupation probabilities for the states |T) and |) are

I“(0) - I'*(0) I'(0) + I"*%(0)
=, =—————, (408
PI=""orq0) P77 ar0) o
and the magnetization is given by
1 I'%(0)
M=—-(p:—-p)=- . 409
5 Pr=p) 21(0) (409)

F“(O):fl is given by Eq. (393). I'*3(0) can be calculated
from Egs. (352) and (358),

%(0) = —h{(ﬁ2 +2(J) 2+ ThLy (T 5)? + T o Togd

- %T(v—ﬁ)cz(v—ﬁ){fzuid)zu Fi, (410)

where we have replaced h0—>ﬁ in the first term, which gives
only rise to negligible terms of O(J?,J* In). Because we have
considered all terms of O(J2,J3 In) for the rates, we can cal-
culate the leading order O(J°) (which is independent of the
couplings) and logarithmically enhanced terms in O(J In) of
the magnetization.

Using Eq. (381) and the abbreviation

X=h(J5)? + 2h(J5)? + 2L, (W) F(T5)?

= 2(V=h)Lo(V = h)T(Tng)?, (411)
we can write the magnetization in the compact form
1 X+ 2hLo(h)F(TE)?
2X+(|v hly+ V= )1+ Lo(V = D)L
(412)

We note that, in the isotropic case, and when expanded sys-
tematically in J, the terms of O(J°,Jn) are in agreement
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with the perturbative results obtained in Ref. 32 and the poor
man scaling results of Ref. 20 if the different definition of the
magnetization is taken into account (the magnetization in
those references is M =1 in the ground state, whereas it is
M=-1/2 here). However, we have shown here how the spin
dephasing rate cuts off all the logarithmic divergencies (the
treatment in Ref. 29 was only perturbative in the bare cou-
pling and did not treat the case of finite magnetic field).

If the voltage is smaller than the renormalized magnetic

field &, the logarithmic term ~L,(h) in the numerator of Eq.
(412) must be consistently neglected and the magnetization
is equal to —1/2. This is because the energy difference pro-
vided by the voltage is insufficient to flip the spin 1/2 in the
dot out of its ground state || ).

In the limit V> &, the logarithmic term ~ £,(V—h) in the
denominator of Eq. (412) must be neglected and the magne-
tization is given by

1 X + 21 L, (h) (T 5)?
2 X+2V(JL)?

, (413)

which, for JZ ~JZ*, can be expanded as

h 1[I\ ~ JE\?
M=-—y1+-| =) + L E[ 1+ =] |-
v 2\ Jod

(414)

As we see, there is an interesting logarithmic enhancement at
h=0, which is a pure nonequilibrium effect [if we set J
=0 in Eq. (413), we get M=—%].

In the limit V> I;, V-h< E, (i.e., for voltages which are
slightly larger than the renormalized magnetic field), we can

neglect all logarithmic terms ~ £,(h) and find after expand-
ing in J

V-h (J5)?

z m 1+ (Ji+]§)£2(V—/;)].
L R

1
M=-—+
2
(415)

This result shows the logarithmic enhancement of the mag-
netization slightly above the resonance.

From the magnetization, we can also calculate the suscep-
tibility

X=_—-=~"", (416)

which we calculate by differentiating magnetization (409)
with respect to the bare magnetic field 4 [or the renormal-

ized field 7 by multiplying with %=1+O(J ,J21n)]. In the
special case of symmetric couplings (J{=JX=JY for x
=z, 1), the magnetization for V> can be expanded as
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1.5
=
o ir
T
2
I
0.5 -
0 1 1 1 1 1 &
0 0.2 0.4 0.6 0.8 1
ho/V
o .. . (V+hy)?
FIG. 11. The susceptibility x, multiplied with ———, as func-

tion of the magnetic field A for the isotropic Kondo model with
V=10"*D and Tx=10"% D.

h  V-h ~ VR~
M=- — + ~£2(V— h)JZ - — Ez(h).]",
V+h V+h (V+h)?
(417)
and the susceptibility becomes
14 2V ~  2V(V-h) | -
X=- — - —L(V=h)J* - Vv—h) — )Ez(h)Jz.
(V+h)? (V+h)? (V+h)?
(4138)

To visualize the logarithmic effects better, we multiply x
with —(V+h)2/V and get
V+h)? ~ V-7
- ( ) X=1+2FLy,(V=h)+2——JL,(h).
V+h

(419)

Plotting Eq. (419) as function of the magnetic field A, em-

phasizes the logarithmic enhancements at h<V and h=V,
see Fig. 11.
In this plot, we multiply the susceptibility y not with

h)? . V4h)? .
—LV—J(,hL, but with = VO) because this change causes only
subleading corrections and because the unrenormalized mag-
netic field & is easier to access experimentally.

In summary, from the various expansions, Egs. (414),
(415), and (417), we find that, for V> h, the logarithmic

terms at h=0 and h=V are essentially proportional to the
longitudinal exchange coupling J°. This means that even in
the limit J*—0, these logarithmic contributions survive,
which is an interesting nonequilibrium effect.

C. Current
The stationary current can be calculated from Eq. (231),
(I =T"%(0) +2MT(0), (420)

where the stationary magnetization M follows from Eq.
(409) and the components I‘f/(O) and F;Z(O) of the current
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V/ho

FIG. 12. The differential conductance G=%, as function of bias

voltage at hy=10"*D for the isotropic Kondo model with Ty
=107 D.

kernel are listed in Eqgs. (353), (354), (359), and (368). For
special case (376) of two reservoirs and relation (379) be-
tween the exchange couplings, we obtain

ar ar
0) = S YAU50? + 2000+ S WL il o g

+ jf WV = R) LAV = RILETL + TEE Y, (421)

P30 == AV =il = V=B + THVL(V)

a

_~ ~ . rs —~ ~
+ WLy (M) T g — Zvl V=, Lo(V = ) ()
(422)

y __1
where we have used ¢] ,=—3Y0,_,-

For V<, the logarithmic terms ~ £,(h), £,(V—h) can be
neglected and the magnetization is given by M :—%. Accord-
ing to Eq. (420), this leads to (17)*=I"(0)-T"7(0), and we
see that the logarithmic terms ~£;(V) cancel. This gives the
result of elastic cotunneling

Lo
("= ZW(JﬁdV, (423)
but with renormalized exchange couplings.

At V%i;, the differential conductance G7=Z—I‘} has an in-
teresting feature, see Fig. 12. For voltages slightly below the

renormalized magnetic field (V<ﬁ, E—V<ﬁ), we get in
units of Gozez/ h (as before, we list the leading order and
logarithmic terms in next-to-leading order)

ﬂl .
Gy Go= v [(11)* + UL+ ) Upg) LoV = ).
(424)

For voltages slightly above the renormalized magnetic field
(V>h, V-h<h), we get
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772 275 \?
G,/Gy= 77{(Jid)2 - (Jid)2{2 + (ﬁ) }
L R

2\’ -
+(JZL+J%)(JIJ1_<1)2|:3+<JLJ“‘d]L) :|£2(V—]’l)}

L TR
(425)

Two interesting features happen at V=h: There is a jump in
the leading-order term in the conductance (if J,,# 0) that is
due to inelastic cotunneling which sets in at this voltage. The
jump is superposed by a logarithmic term which becomes
largest for V=h. The experimentally accessible parameters
characterizing the line shape are given by the position,
broadening, and height of the resonance. The position is ap-
proximately at V=h [up to unimportant terms of the O(fz)],
and the broadening of the left side of the resonance is given

by I',. Using Eqs. (395) and (394), we obtain at resonance

hly_jy = h, (426)

- T 1
Dylyg = EV{ (Je? + (Jo)* + E(Ji)z} (427)

The right side of the resonance has no characteristic broad-
ening: asymptotically it reveals the logarithmic voltage de-
pendence of the exchange couplings. The value of the con-
ductance at resonance can be calculated in good
approximation by taking the extrapolation of Eq. (425) at

V=h, ie., by replacing

L,(V=h) —In

Dolyi

in Eq. (425). Together with Eq. (427), this reveals the
Kondo-induced logarithmic enhancement ~J*InJ of the
conductance at resonance superposed on the enhancement
from inelastic cotunneling. The result for the maximal con-
ductance can be simplified by using relation (379), which
gives

(GGo) o = V21xx5 - 3 () +2(1 + 2x,x5) (JH)?

+2(3 +4x,x) 5 (J1)? In (428)

—_ k]

Loly=py

with

Dolyai= TV 2x,x5(F)? + (I} (429)

This result for the value of the maximum conductance at
resonance has first been noted in Ref. 19 for the case of the
isotropic Kondo model and xL=xR=%.

Our results for the differential conductance agree with
those of Refs. 20 and 19. However, note that the precise line
shape at resonance can only be obtained if one includes the

cutoff scales fl 1> into the logarithms and uses correct smear-
ing (383) of the sign function. In the numerical plots, we
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0.6

FIG. 13. The differential conductance G=% as function of bias
voltage at hy=10"* D for the isotropic Kondo model (solid line) and
the anisotropic Kondo model with two different values of c?
=(J%)?=(J*")? (dashed and dash-dotted lines). The Kondo tempera-
ture Tx=107% D is the same in all cases.

have always used these smeared forms and we calculated 3

and T, self-consistenly from Egs. (393)—(395) (the same
procedure has been used for the susceptibility).

D. Results for the anisotropic Kondo model

In this section, we discuss how the results for the differ-
ential conductance, the susceptibility, the relaxation and
dephasing rates, and the renormalized g factor are affected if
we consider the symmetric, but anisotropic Kondo model
with J°_,=J#J*=J. .. As recently proposed,?' such mod-
els can, e.g., be experimentally realized by studying quantum
transport through single molecular magnets, where the trans-
verse exchange coupling is induced by magnetic quantum
tunneling terms due to transverse anisotropies. To investigate
this, we vary J° and J* such that the Kondo temperature Ty
remains constant and only the other invariant of the RG
equations, i.e., ¢?=(J%)?—(J*)? is changed, see Eq. (270). If
c? is positive, J° is larger and J* is smaller than the isotropic
coupling in the case ¢?=0.

The differential conductance is shown for three different
values of ¢? in Fig. 13. For growing c?, i.e., increasing J° and
decreasing J L we can observe a number of different effects
compared to the isotropic case: First, the conductance for
V<h which is proportional to (J5,)? according to Eq. (423)
is increased. Second, the step at V="h that is due to inelastic
cotunneling decreases its height which is proportional to
(Ji)? in leading order according to Eqs. (424) and (425).
Third, also the logarithmic enhancement at V=h is reduced
for increasing ¢?. The prefactors of the logarithmic terms in
Eqgs. (424) and (425) are proportional to J5(J*)?, a quantity
which decreases for increasing ¢?. Finally, the position of the
step and the logarithmic enhancement shifts to the right, i.e.,
I is increased. The reason is that the leading contribution to

h—hy is negative and proportional to J5,—(J%)o, ie., the
renormalization of the coupling J°, according to Eq. (392).
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(V+hg)?

FIG. 14. The susceptibility x, multiplied with ———, as func-
tion of the magnetic field at V=10"*D for the isotropic Kondo
model (solid line) and the anisotropic Kondo model with two dif-
ferent values of c¢?=(J%)?—(J*)? (dashed and dash-dotted lines). The
Kondo temperature Tx=10"8 D is the same in all cases.

This renormalization is in leading order determined by (Jnid)z,
see Eq. (266). An increase in ¢®> which is connected to a
decrease in J* therefore leads to a weaker renormalization of

J* and hence to a larger value of h.

Figure 14 shows the magnetic susceptibility X=Z—2/IO, mul-

e . ho)? . .
tiplied with —(V+V°) , for different values of the anisotropy.

For larger 2, i.e., increased J=, the logarithmic enhancements
become larger, see Eq. (419). This is an effect already men-
tioned at the end of Sec. IV B. The susceptibility depends
only on the longitudinal coupling J° and the logarithmic con-
tributions survive even in the limit J* —0. Especially for
molecular magnets with a very small quantum tunneling
term, this might be an interesting possibility to observe loga-
rithmic contributions in the susceptibility although the
Kondo temperature might be quite small. Furthermore, the

resonance at the point where h=V shifts slightly, this is due

to the dependence of h on the anisotropy which was dis-
cussed above.

The derivatives of the rates fl and fz with respect to the
magnetic field s, are shown in Figs. 15 and 16, respectively.
Increasing 2 ie., decreasing J*, leads to a decrease in the
leading-order contributions to the derivatives of the rates
which are proportional to (Jnld)z, see Egs. (396) and (397).
The dependence of the logarithmic effects at h=0 and h=V
on the anisotropy is different for the derivatives of the two
different rates: The features in dl'/ dhy become less pro-
nounced whereas the resonances in df‘z/dho become sharper.
The reason is as follows: all logarithmic terms in next to
leading order in the rates are proportional to J°(J,4)> which
decreases for larger anisotropy, but the logarithms are broad-
ened by I, in the case of dI';/dhg [see Eq. (396)] and by T,
in the case of dl,/dhy [see Eq. (397)]. The fact that T,
which is proportional to (J*)? in leading order according to
Eq. (393), decreases for larger c?, and fz, which contains a
term «(J%)%, see Eq. (394), increases with ¢?, explains the
observed behavior.
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FIG. 15. The rate fl, derived with respect to the magnetic field,
as function of the magnetic field at V=10"*D for the isotropic
Kondo model (solid line) and the anisotropic Kondo model with
two different values of ¢?=(J%)%-(J*)? (dashed and dash-dotted
lines). The Kondo temperature Tx=10"% D is the same in all cases.

Finally, we discuss how the renormalized g factor is af-
fected by the anisotropy, see Fig. 17. For growing c?, the
deviation of g from the unrenormalized value 2 becomes
smaller. The reason has already been discussed above: Like

the renormalized field &, the g factor (398) is in first order
given by the renormalization of the coupling J° which is
determined by (J*)? and is therefore decreased for positive
c?. Also the prefactors of the logarithmic terms depend on
(J*)? and therefore become smaller for growing c?.

V. SUMMARY

We have presented a systematic and analytic weak-
coupling analysis in two-loop for a generic quantum dot
coupled to reservoirs via spin or orbital fluctuations. We have
used a nonequilibrium RG formalism in Liouville space (or,
equivalently, on the Keldysh contour), which is a natural and

0.01

0.005

dl's/dho

FIG. 16. The rate fz, derived with respect to the magnetic field,
as function of the magnetic field at V=10"* D for the isotropic
Kondo model (solid line) and the anisotropic Kondo model with
two different values of ¢?>=(J?%)?—(J*)? (dashed and dash-dotted
lines). The Kondo temperature Tx=1073 D is the same in all cases.
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FIG. 17. The renormalized g factor g~=2d17/dh0 as function of
the magnetic field at V=10"*D for the isotropic Kondo model
(solid line) and the anisotropic Kondo model with two different
values of ¢*=(J%)?—(J*)? (dashed and dash-dotted lines). The
Kondo temperature Tx=10"% D is the same in all cases.

formally exact generalization of conventional poor man scal-
ing methods. The essential difference between the RTRG-FS
method and other RG formalisms in nonequilibrium'?2%-2# is
the fact that RTRG-FS analyzes the dynamics of the reduced
dot density matrix in Laplace space by calculating an effec-
tive dot Liouvillian. In each step of the RG approach an
effective kinetic equation is obtained. The RG equations are
coupled differential equations for the kernel determining this
kinetic equation and for the vertices in Liouville space. The
structure in Liouville space is essential for the generation of
dissipation and to obtain the transport relaxation and dephas-
ing rates together with the transport oscillation frequencies
of the various exponentially damped modes (rather than
quantities of quantum decay theory, which describe the de-
cay of a discrete dot state into the reservoir continuum).
Technically, it is known from the Keldysh formalism?’ that
dissipation (or the collision term of a quantum Boltzmann
equation) is generated by diagrams connecting the upper
with the lower part of the Keldysh contour. Therefore, to get
the correct transport rates and the precise position of reso-
nances from the oscillation frequencies, it is essential to in-
clude these contributions in the theory and, at the same time,
combine it with RG methods to get rid of logarithmic diver-
gencies. We note that the RTRG-FS formalism is not based
on the usual Keldysh formalism as, e.g., methods based on
slave particles?” or nonequilibrium functional RG methods.?
Since the unperturbed part of the Hamiltonian contains
strong interactions, the RTRG-FS integrates out only the
noninteracting reservoirs but takes the correlation effects on
the quantum dot exactly into account. This leads to a natural
formalism in terms of Liouville operators and vertices in
Liouville space, which we have combined with quantum
field theoretical methods of diagrammatic representations
and RG. In this sense, we have combined the advantages of
Liouville operator techniques (providing very compact nota-
tions for the time evolution of the reduced density matrix in
Laplace space), diagrammatic methods (to identify and cal-
culate irreducible blocks leading to the oscillation frequen-
cies and the relaxation/dephasing rates), and RG methods
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(reorganizing the perturbation theory in such a way that loga-
rithmic divergencies are absent). In particular, it is possible
to prove generically in all orders of perturbation theory and
within all truncation schemes that the cutoff scales for the
vertices are the physical relaxation and dephasing rates of the
exponentially decaying modes of the reduced density matrix
of the dot. This provides a reliable calculation of the line
shape at resonances. In addition, one obtains the kernel of
the kinetic equation in Laplace space from which the time
evolution into the stationary state can be calculated. It is
important to note that the possibility to calculate the time
evolution is closely related to the fact that we obtain a sys-
tematic theory for the line shape at resonances since the os-
cillation frequencies and the relaxation/dephasing rates gov-
erning the exponential decay of the time evolution are the
same scales which determine the resonance positions and the
cutoff of logarithmic divergencies at resonances for station-
ary quantities such as, e.g., the magnetization or the conduc-
tance.

In comparism to previous formulations of RTRG (Refs.
25-27) (where the physics of cutoff scales by relaxation/
dephasing modes was also included), the recently proposed
RTRG-FS method!” is a formulation in pure Matsubara fre-
quency space and avoids the need of the Keldysh indices
after a first discrete RG step where the symmetric part of the
Fermi distribution is integrated out. The main advantage of
this development is the possibility to prove that the pertur-
bation theory in the renormalized vertices on the r.h.s. of the
RG equation is a well-defined series in the weak-coupling
regime. Essential for this proof is the fact that the imaginary
part of the denominators of all resolvents consists of a sum
of strictly positive Matsubara frequencies (bounded from
above by the cutoff), the cutoff scale A, and some positive

relaxation or dephasing rate fi. As a consequence, it is pos-
sible to solve the RG equations analytically in the weak-
coupling regime by a systematic perturbative expansion in
the renormalized couplings. In this paper, we have described
this procedure for a generic quantum dot in the Coulomb
blockade regime where spin and/or orbital fluctuations domi-
nate the transport properties. We have included all two-loop
contributions to calculate physical quantities up to the first
logarithmic contribution at resonances. We have shown that
the latter are well defined after renormalization and can be
treated within perturbation theory in the renormalized cou-
plings.

We have applied the formalism to the anisotropic Kondo
model at finite magnetic field and finite bias voltage. We
calculated stationary properties (magnetic susceptibility and
conductance) and the parameters characterizing the exponen-
tially damped modes of the time evolution (renormalized
magnetic field, spin relaxation, and dephasing rate). In com-
parism to the case of zero magnetic field (which was treated
within flow equation methods already in Ref. 24 for the iso-
tropic Kondo model), the central issue is the calculation of
logarithmically enhanced contributions at the resonance po-

sitions 4=V and h<V. The one-loop leading order theory of
Ref. 20 was able to obtain these logarithmic contributions
but it was not shown how to include microscopically the
cutoff scales from relaxation and dephasing modes into the
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RG formalism. Furthermore, the renormalization of the mag-
netic field was not taken into account and the calculation was
restricted to the stationary values of the magnetic suscepti-
bility and the conductance (the spin relaxation and dephasing
rates were calculated only perturbatively in the bare coupling
and in the absence of a magnetic field in Ref. 29). In this
paper, we have included the renormalization of the magnetic
field in O(J) and O(J? In) together with the spin relaxation
and dephasing rate in O(J%) and O(J31n). This provides a
consistent theory for the resonance position and the line
shape at resonance, and answers the question which rate oc-
curs in the various logarithmic terms. For stationary quanti-
ties, the obvious physical result that the spin dephasing rate
cuts off the logarithmic contributions is obtained. For the
rates and the renormalized field itself, it turns out that the
spin relaxation rate determines the resonant line shape for the
spin dephasing rate and the g factor, whereas the spin
dephasing rate controls the resonant line shape for the spin
relaxation rate. In addition, it turns out that the logarithmic

enhancements or suppressions at the resonance h=V are
quite different for the various physical quantities regarding

the symmetry for h>V and h<V. The g factor shows a
symmetric suppression, the conductance an asymmetric en-
hancement, the suspectibility shows only an enhancement for

~ . .dl . .
h<V, the derivative d—h; of the spin relaxation rate only an
enhancement for V>h, and the corresponding quantity for

the spin dephasing rate only a suppression for V< h. We
proposed an experimental setup with a weakly coupled probe
lead to measure the logarithmic suppression of the renormal-
ized g factor as function of voltage V or magnetic field A,.
This has to be contrasted to the usual measurement of the g

factor at resonance V=h from the position of the
cotunneling- and Kondo-enhanced conductance peak, which
provides the g factor only for one special value of the volt-
age. In the anisotropic case, we find the obvious result that
all logarithmic contributions involving the transverse cou-
pling are suppressed for increasing longitudinal coupling
since the renormalization of the transverse coupling is re-
duced. However, for the magnetic susceptibility this does not
hold since the transverse coupling cancels out in the prefac-
tor of the logarithmic terms. Therefore, the logarithmic en-
hancements become larger for the susceptibility if one in-
creases the longitudinal coupling. This result might be
helpful to find Kondo physics in transport through single
molecular magnets, where the transverse coupling can be
smaller than the longitudinal one. Concerning the line shape
at resonance when increasing the longitudinal coupling, it
turns out that the logarithmic features become less pro-
nounced if the spin dephasing rate determines the line shape,
whereas it becomes sharper when the spin relaxation rate is
involved. The reason is that the spin dephasing rate involves
a voltage-induced term ~V(J%)?, which increases with in-
creasing longitudinal coupling, whereas the spin relaxation
rate involves only the transverse coupling in order O(J?).

VI. LIST OF SYMBOLS

In this section we provide a complete list of all symbols
used in this paper. We present two tables, one for the sym-
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bols used in Sec. II of the generic case, and one for Sec. III
where the method is applied to the Kondo model.
The table for the symbols used in Sec. II is given by

Symbol  What the symbol means Ref.
H Hamiltonian 10
H,, reservoir Hamiltonian 11
Hg dot Hamiltonian 11
Vv coupling dot« reservoir 13
H, H,,+H; 10
1) frequency 13
n creation/annihilation index 13
v index for o, «,... 13
o spin index 13
o reservoir index 13
1 index for nvw 14
1 index for —nrw 15
S Oy O 0= ') 15
a field operator 13
gl coupling vertex 13
Dres reservoir density matrix 15
T, temperature of reservoir a 15
Ha chemical potential of reservoir 11
Sfol®) Fermi function 15
D reservoir band width 17
p(w) D?/(D?*+ w?) 17
I current operator for reservoir y 20
iy current vertex 21
y
i b, 8ur) =
ps(1) reduced dot density matrix 23
[A,B]. AB+BA 25
L [H, ] 25
Ly L [ I, ]+ 25
2
ps(E) Laplace transform of pg(r) 26
(M)(E) Laplace transform of {(I”)(z) 27
T, trace over the reservoir 26
Trg trace over the dot 27
LY [Hs, ] 32
Ly (v, 1. 28
P Keldysh index 29
Gfll’: vertex in Liouville space 30
Jy field operator in Liouville space 29
S symmetry factor for equivalent diagrams 31
N, number of permutations of field operators 31
X; energy variables crossed by vertical line 31
),ﬁ': contraction v ! 33
I . (Ey_ ,+@; ,—LY)! 35
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Symbol  What the symbol means Ref.
(B w* @y u=Ls(Ey ,+®) )" 81
Ei . E+XL, 36
W1 2,0 36
M Nilka, 37
,; 7,0; 37
Ly effective Liouville operator 38
S(E) LIE)-LY 39
2 (E) current kernel 40
( [7)11’11’: current vertex in Liouville space 41
Py stationary dot density matrix 44
I(z) (z-LJ(2)™! 47
\i(z) eigenvalues of L{/(z) 49
|x,(2)) right eigenvector of Lgff (z) 49
[x0(2)) eigenvec. with zero eigenval. of Lgff (2) 67
F(2)| left eigenvector of LY(z) 50
Z poles of I1(z): z;=N\{(z;) 51
i residua of T1(z): (1 —%(zi))"l >3
Z L () =Z/(c-Ly 54
P Gm il 56
r short hand notation for ;=T
A€ (AC)SS,E,:A:SJ,S_ 66
G 5,0 65
Gy 2,pGY, 70
7171, (I, 65
" symmetric/antisymmetric part of /}} : 72
Lg effective Liouvillian including 7, 73
3¢ effective kernel including 7y, 74
é?w effective vertex including ) 75
A RG cutoff parameter 76
Ay initial cutoff 163
ATa Matsubara freq. w; lying closest to T, 88
A max{|E|,|ial, ﬁz|} 111
l Ay 266
In —
fﬁ(w) cutoff-dependent Fermi function 76
w, Matsubara frequencies for reservoir a 76
0(w) smeared @-function 77
yi\ cutoff-dependent antisymmetric part 80
Li(E,w) Ly(E+iw) 89
Gp...) élz(an’wl»‘02)=(_;12(E+iw)|aﬁiwi 20
II(E, w) (E+io—Lg(E,w))™! 91
I order of G1:~O(J,)
Je Ja=n,
Jo JA=A,
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Symbol ~ What the symbol means Ref. Symbol What the symbol means Ref.
2A—i @ 3
Ki(2) in 22 iz 122 L % [ I 208
—zz
K 12 LP 2
KA\2) KA(Z)—_ 3 -t 08
F\(2) a 182 L° i 208
A Ka(@)=—TFAQ) S 1oL
F 125 L LT+ L7F 208
Fi(z) KA(Z)— AFA(Z) . 200
= 1 =1 —(7+ +3¢
Fi() Fu@)-Z12 55 ) (L L ~2iL*X L) o
Ly 0" of L(E, w) 133 =2 ——(L++L )
Gy O(") of GafE,w, w1, 0) 134 Ly L2 X ) 209
12%3 LO(E, @)=LV~ (E+iw) 2" 129 i P iri: i=1.2.3.+ 210
e L(n) (E, )| L‘}_F L21 * (LT:L “+L¥LY) 211
s G @A=A, L [2 5 (LEL+L¥ L) 212
Gry (E NN e, hE, o) term h(E, )" in Ly(E, o) Py
ry L) Lam L0+ 107 136 1i(E, w) term —iT(E, )L in Ly(E, w); 222
~(2n/b) ) _ Aa) | A(2b) 141 i=a,c,3z
G G,=G+G% ; ‘ .
H e el M(E,w) term iT'(E,0)Lin 3 (E,w); i=b,1z 223
G(2a1/2) G(2n)_ G(201)+G 2a,) 144 y y Yy
(121//b/ 1’ 1’ @ 1)1’ ME, o) eigenvalues of Lg(E,w); i=0,1,*+ 227
Lg* ! decomposition of Lg ' (E, ) 156 P(E,w) projectors on eigenvectors of Ly(E, w) 228
¢ .. 2) (Al ) g S\
Z2o decomposition of Lg” (E, ) 156 |x(E, ) right eigenvector of Lg(E, w) 229
(3alb) decomposition of L (E, w) 176 s s es s
Ls P s FA(E, w)| left eigenvector of Ly(E, w) 229
Ay a E, ,+iw-Lg 168 2 20=0 331
A short hand notation for A, ,=A Z ) 332
The table for the symbols used in Sec. III is given by <x :_ +h-il, 333
o . 232
Symbol ~ What the symbol means Ref. 5(1 *0)
. g r .. 232
hg bare magnetic field 199 (o l(Ty)
h 1 . 392 IX LXo%; x=a,b,c,h,1z,3z 233
(1= UG . e .
h renormalized magnetic field 335 L_i S X=2525%
T, spin relaxation rate 334 G¥C.) comp. of G»(E, w, wl’w2)|m— 7=+ 235
~ . . 77X 2
T, spin dephasing rate 335 () comp. of I(E, 0,0, @) -y, 30
XS T s — X 2
S spin operator 200 Ge(..) (Gx )aa’ =Gorq 39
. TvYs T T TYXS
(Jim Yo bare exchange couplings (i=x,y,z, L) 200 ()T ey, =17 239
J’aa renormalized exchange couplings 266 (LY (L;‘)SU, =LYy 239
z/ L z/L: JJ L 7l | 1. . 1. " . 2
Jz/l Jaa, 2\/7.3(11)([1 268 K K"SLh KL(L4+L5) 85
Ja Joa 3T koL KL =2 e K 298
Z/l /L _ gz L -
Jid Jip =T 377 ’
LR ORL . KL Cyve flz, Loyl 71 286
Xg factor for couphng to reservoir a 203 EK%SLS +5K7 L
T Char aat 265
Corar s 6 ) 265  RYL K¥% ' =c? K2L+RYA 287
Ty \OyaT Oy - rdL_y pil
Tk Kondo temperature 270 RZ/L R/i ' R / 297
2 oL €1
Ty g T 316 R R =2\X X R 299
62 1 T ‘s - 270 ‘jz/L Jz/L_l_Kz/L 294
§ Y l) (747 » £,(x) A 356
voltage —
\y2 2
L L*A=SA,L-A=-AS 207 o +(I)
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Symbol What the symbol means Ref.
E, o E+p,— o 254
ion. 2 X 383
sign;(x) — arctan —
™ .
|x]; x sign,(x) 384
0; 1 . 385
i) —[1+sign,(x)]
Py occupation probabilities 408
M magnetization 230
X auxiliary symbol to express M 411
g dh 386
renormalized g-factor g=2——
dhy
X dM 416
magnetic susceptibility y=——
dr, 424
Y conductance G ,= E/Z
Go ¢ 424

conductance quantum Gy= n
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APPENDIX: SECOND-ORDER RG

In this appendix, we prove that the effect of RG terms
(149) and (150) is the replacement F,(z)—F}(z) in Eq.
(152), with F(z) defined by Eq. (155).

First we consider term (150). The terms of 0(%]3) can be
extracted by using expansion (151) for the integral over the
resolvent and considering only the terms of O(1) and 0(%)
in this expansion,

A
lJ d(l)2H(E12,A +w+ wz) = ln(2) + AZ]z, (Al)
0
where we have defined
2= (Ep+io-LY). (A2)

Inserting this in Eq. (150) for the two independent integrals
over the resolvents and collecting the terms in O(%ﬁ) leads
to the result

~(1)

1
(150) — - —{GEQ 212G, G52 + G-

G 231

(A3)

Next we consider term (149) and use for G2 result (142),
which gives

PHYSICAL REVIEW B 80, 045117 (2009)

o =(1) 2A - iZl3 —(1)
G (Epp A+ 0+ = 0= N) =Gl In = 1G]
(A4)
—(1) A+w2—iZ23 —(1)
“Gph T T Gy, (AS)
and
=, 2A — iz
G(E, 0, A, 0,) =G} In TBG(_U (A6)
= A+w —1i _

Equations (A4) and (A6) are independent of the integration
variable w,, and we can replace the logarithm by

2A -
lzn ~In(2) - _ZH

In
A 2A

(A8)

Inserting Egs. (A4) and (A6) in (149), using Eq. (A1), and
collecting all terms of 0(%J3), we find

(1) m

(149) from (A4) and (A6) — _{Glz 212G5, G357

~(1)
23 213

(1)

—GYG)213Gy - 602136 G + GGY 21,6 = 0,

(A9)

i.e., the terms cancel each other.

In contrast, Egs. (A5) and (A7) are not independent of the
integration variable w,. When inserted in Eq. (149), we need
the integral (z;; is replaced by its eigenvalue in this equation)

A .
1 A+ wy— 1
f dw, ST 2TER a0
0 A+ Wy — 121 A 2
. In(2)
-1 A Zpt 5(212—223),

. . Zij . .
where we have expanded up to linear order in . This gives

Eq. (149) from Eq. (A5) and (A7) — ( ){G§12> Weie !
(1)
+ GYGY21,GY; }— {GE‘J GG
= ()~ 1 = ~() =)
+ GGz 12G”—G(112)G* 23635 - GGy, Gyp )

Using antisymmetry property (97), we see that the second
term is zero and the first term agrees with Eq. (A3), leading
to the final result
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In(2) . =(1) =(1)
_{G(llz)(EIZ +iw— Lgo))G§3 G,;l*

(149) + (150) — — A

+ (_;(112)(_;;‘13)(1’:13 +tiw- L(SO))(_;%)}. (A11)
Finally, using leading-order RG equation (115) and (116), we

see that Eq. (A11) can be written in the form
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n(2) 4

(149) + (150) — — mn

= . = (1)
{G(Ep+io- LG},

(A12)

i.e., a similiar term to Eq. (152) results, which proves re-
placement (155).

'A. C. Hewson, The Kondo Problem to Heavy Fermions (Cam-
bridge University Press, Cambridge, 1997).

21.. 1. Glazman and M. E. Raikh, Sov. Phys. JETP 47, 452 (1988);
T. K. Ng and P. A. Lee, Phys. Rev. Lett. 61, 1768 (1988).

3D. Goldhaber-Gordon, Hadas Shtrikman, D. Mahalu, David
Abusch-Magder, U. Meirav, and M. A. Kastner, Nature (Lon-
don) 391, 156 (1998); Sara M. Cronenwett, Tjerk H.
Oosterkamp, and Leo P. Kouwenhoven, Science 281, 540
(1998); F. Simmel, R. H. Blick, J. P. Kotthaus, W. Wegscheider,
and M. Bichler, Phys. Rev. Lett. 83, 804 (1999).

4N. Andrei, Phys. Rev. Lett. 45, 379 (1980); P. B. Wiegmann,
JETP Lett. 31, 364 (1980); A. M. Tsvelick and P. B. Wiegmann,
Adv. Phys. 32, 453 (1983).

SA. W. W. Ludwig and 1. Affleck, Phys. Rev. Lett. 67, 3160
(1991); 1. Affleck and A. W. W. Ludwig, Phys. Rev. B 48, 7297
(1993).

SK. G. Wilson, Rev. Mod. Phys. 47, 773 (1975).

"T. A. Costi, A. C. Hewson, and V. Zlatic, J. Phys.: Condens.
Matter 6, 2519 (1994).

8P. W. Anderson, J. Phys. C 3, 2436 (1970); F. D. M. Haldane,
Phys. Rev. Lett. 40, 416 (1978).

°F. B. Anders and A. Schiller, Phys. Rev. Lett. 95, 196801
(2005).

10F B. Anders, Phys. Rev. Lett. 101, 066804 (2008).

1S, Weiss, J. Eckel, M. Thorwart, and R. Egger, Phys. Rev. B 77,
195316 (2008).

IZN. Andrei and G. Palacios (private communication).

3P, Coleman, C. Hooley, and O. Parcollet, Phys. Rev. Lett. 86,
4088 (2001).

14 A. Kaminski, Yu. V. Nazarov, and L. I. Glazman, Phys. Rev. B
62, 8154 (2000).

ISA. Rosch, J. Kroha, and P. Wolfle, Phys. Rev. Lett. 87, 156802
(2001).

1D V. Averin and A. A. Odintsov, Phys. Lett. A 140, 251 (1989);
D. V. Averin and Yu. V. Nazarov, Phys. Rev. Lett. 65, 2446
(1990).

7H. Schoeller, Eur. Phys. J. Spec. Top. 168, 179 (2009).

8. Sela, H. S. Sim, Y. Oreg, M. E. Raikh, and F. von Oppen,
Phys. Rev. Lett. 100, 056809 (2008).

19L. 1. Glazman and M. Pustilnik, in Nanophysics: Coherence and
Transport, edited by H. Bouchiat er al. (Elsevier, New York,
2005), p. 427; note that a typing error occured in Eq. (5.63) of
this reference, the coefficient in front of the #-function must be
3 and not 2.

20 A Rosch, J. Paaske, J. Kroha, and P. Wolfle, Phys. Rev. Lett. 90,
076804 (2003); J. Phys. Soc. Jpn. 74, 118 (2005).

21C. Romeike, M. R. Wegewijs, W. Hofstetter, and H. Schoeller,
Phys. Rev. Lett. 96, 196601 (2006).

22H. B. Heersche, Z. de Groot, J. A. Folk, H. S. J. van der Zant, C.
Romeike, M. R. Wegewijs, L. Zobbi, D. Barreca, E. Tondello,
and A. Cornia, Phys. Rev. Lett. 96, 206801 (2006); M. H. Jo er
al., Nano Lett. 6, 2014 (2006).

23F. Wegner, Ann. Phys. 3, 77 (1994); S. D. Glazek and K. G.
Wilson, Phys. Rev. D 48, 5863 (1993); Phys. Rev. D 49, 4214
(1994).

248, Kehrein, Phys. Rev. Lett. 95, 056602 (2005); P. Fritsch and S.
Kehrein, arXiv:0811.0759 (unpublished).

2H. Schoeller and J. Konig, Phys. Rev. Lett. 84, 3686 (2000).

26H. Schoeller, in Low-Dimensional Systems, Lecture Notes in
Physics, edited by T. Brandes (Springer, New York, 2000), p.
137.

2T, Korb, F. Reininghaus, H. Schoeller, and J. Kénig, Phys. Rev.
B 76, 165316 (2007).

288. G. Jakobs, V. Meden, and H. Schoeller, Phys. Rev. Lett. 99,
150603 (2007).

29]. Paaske, A. Rosch, J. Kroha, and P. Wélfle, Phys. Rev. B 70,
155301 (2004).

303, Koch, M. E. Raikh, and F. von Oppen, Phys. Rev. Lett. 96,
056803 (2006).

3IN. Andrei, K. Furuya, and J. H. Lowenstein, Rev. Mod. Phys.
55, 331 (1983).

32]. Paaske, A. Rosch, and P. Wolfle, Phys. Rev. B 69, 155330
(2004).

3BM. Garst, P. Wolfle, L. Borda, J. von Delft, and L. I. Glazman,
Phys. Rev. B 72, 205125 (2005).

343, Zinn-Justin, Quantum Field Theory and Critical Phenomena
(Cambridge University Press, Cambridge, 2002).

3B. Doyon and N. Andrei, Phys. Rev. B 73, 245326 (2006).

36]. Solyom and A. Zawadowski, J. Phys. F: Met. Phys. 4, 80
(1974).

37L. V. Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964) [Sov. Phys.
JETP 20, 1018 (1965)]; L. P. Kadanoff and G. Baym, Quantum
Statistical Mechanics (Benjamin, New York, 1962).

3R, Leturcq, L. Schmid, K. Ensslin, Y. Meir, D. C. Driscoll, and
A. C. Gossard, Phys. Rev. Lett. 95, 126603 (2005).

390ur convention is that all terms on the r.h.s. of the RG equation
which are of O(G?) [O(G?)] are called one-loop (two-loop)
terms. For the RG of the vertices, this is in agreement with the
conventional classification but the two RG diagrams in Fig. 4 for
the Liouvillian are also called two-loop and three-loop terms in
the literature.

045117-44



